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Abstract
L the present paper we study the maximun dissipative extension of Schrddinger
apcrator. iniroduce the generalized indefinite metricspace and get the representation of
maninum dissipative exiension of Schridinger operator in natural bowndary space,
mahe preparation for the further studv longrime chaotic behavior of infinite dimenvion

dvianmics svsiemr in nonlinear Schrodinger cyidiion.
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I. Introduction

The study of longtime chaotic behavior ‘of Schridinger equation makes the study of
soliton theory richer. Since nonlinear Schrdinger equation is very complex. these problems are
difficult. One can see the works about these prolems in [1)—(4]. especially. [1] studies attractors
and fractal dimension of this equation. We study nonlinear Schrédinger equation using the
methods developed recently in studying longtime behavior of infinite dimension dynamics
system. In this paper we will resolve the first question of this problem. give the representation
of maximum dissipative extension of Schrodinger operator in this equation. Then. using the
representation, we will study the geometric form of attractor. temple chaotic. inertial manifold
and nertial form s Schrédinger equation. Then. in the Section 11. using the generalized semi-
mner product space. we will give a new space: generalized indefinite metric space. which holds
the meaning of Banach space in general. In the meantime. we give the natural boundary space
ol Schrddinger operator. which is a generalized indefinite metric space. Then. using the
indefinite metric of natural boundary space. we give the one — one correspondence between the
maximum dissipative extension of Schrodinger operator and the maximum negative subspace
of natural boundary space. We give the representation.

According o [4]. Schrédinger operator is —hAA+V (x), defined in C* (M), M isC™
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compact Riemann manifold. The Schrodinger operator has unique self adjective extension in
Sobolev space H*(M). But. if the domain isn't Riemann manifold. the operator becomes
complex and the study of the Schrédinger equation becomes difficult. In this paper. we study

the domain of Banach space. and give the maximum dissipative extension of this operator.
Suppose that

Lof"—'"f”"f
D(L)={fsf, f', fr€Lr'[0, 2x), f(0)=f(2m),
fro)y=£"(27), 1<p’' oo}

L. is the type of Schrédinger operator which will be studied. Let X =L?[0, 2x), make
generalized semi-inner product [+, +J, (see [5]). where

2
(F aly=] faigiridx,  1<p<en,

p may be different from p’.
Obviously the norm in X is | £ = [f. /]'?. suppose A:D(L.)— X, Af =if"
Let G(L) = |if. Lo f} - fe D(L.}. In X X X _constructQ( *.*)
QU g)=(fg) (em)—~(fg) ")
=f"(20)g(c1) = f'(0)g(0) + f(2r) g’ (2a) —f(0)g’(0)
Let ¥=H,9H. . here
H,=span{feX, Q(f, f).»v}, H_=span{f€X, Q(f, f)<0}
Denote A=A /G (L,) , Construct 0=0,+Q_ in A here
Q.(fes 9)=0Q(f,, 9.)signQ(g., 9.), fvr 0.€RH,
Q-(f., 9=0(f., 9.)(~signQ(4_, 9.)), f., 9.€H_
LetH={f:f, f'€X}, B=A@®H .forany J€{f, S}, define

Q(}; g)zQ(fs g) +[fa é]r .
Theorem 1 4 is symmetric operator in Banach space X. (see[5] for the definition)

Theorem 2 (H,/G(L,),Q.),(H/G(L,),~@Q_), are generalized semi-inner product
space.

Theorem 3 (A, Q) is generalized indefinite metric space.

Theorem 4 If the maximum dissipative extension of L. is L. then L responds one to
one with the maximum negative subspace N of H and.

Lu=iu" —u+@(8)
D(L)={usu, u’, u"€X, 8€N},
K is projection of N from H 10 A.
II. The Proof of the Theorem

In this paper, opérator L. is in Banach space, naturally. the study of the operator L. is
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more difficult than that of operators in Hilbert space. For this reason. we construct generalized
semizinner product in Banach space and use generalized p self adjective. dissipative operator
[5]. The study of indefinite metric space can be séen in [6] and [7] . Now we construct
generalized indefinite metric space. Fusther and deeper study of this space will be given
elsewhere in another paper.

Definition 1 R is complex (or real) linear space. Define {y, 2> for arbitrary x. y. =
€R, A€C (complex). if the following is satisfied

(N <x+y, 2>=<&0 2>+Y, 2, Ax, P=Kx, ¥,

(2) For arbitrary y€R, if {x, y>=0, then x=0,
Thus we call (R, < + | * >) generalized Krein space.

Definition 2 Space (R, < *.* >) is called generalized indefinite metnc space. it it
includes two subspace H ,,H _and

() R =H,®H_ . here @ is direct sum and orthogonal according to < * .+ > that is
{x, Yy>=0, x€H,, y€H_,

() (H.. <. > (H-,— < .+ >)are generalized semi-inner product space.

Here H.=!x e Rl<x. x>20!. H.=x € Rl<x. x>0=!. H..H are called positive
subspace and negative subspace, respectively.

Lemmal 1 R is generalized indefinite metric space.

Ifx, yeR, x=x,Fx_. y=y.+Yy_, x,, Y, €H ,, x_, y_ €EH_. Let

[x’ y]=<x+’ y+>+<x-r y->,

then(R. [ = .- ]) is a generalized semi-inner product space.

Proof The main point is to prove the following inequality

Hx, y]I<lx, y)'""ly, y}rtor, p>1.
Since ab<{a’/p+b%/q9,8>0, >0, here | p+1 ¢=1.itis sufficient to prove.

(L +amr ) e (1 A7) (14 m?) P!

The above inequality and be proved using series Young inequality. Omit the proof.

Define project operator P, :[I=(R, (-, ->)->H,, sothat x=x,+x_€/l—x,€H

Lemma 2 The necessary and sufficient for nonnegative subspace L to be maximum
nonnegative subspace isthat P. L= H.. Every nonnegative subspace is included in & maximum
nonnegative subspace.

Omitted proof .

The proof of theorem 1

Assume [, g € D(L,), then

af, aly= irraigiridx={" i (o= " artda)ax
-=_[:”if”9(p—2)('J-:oX[o. l911(x)a**da)dx
== [ ([ 9 X 0515010048 )do

= (1)-2)‘[;o a"3(~I:“ia’X[|g| >a) (x)df)da
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2 ___
= (0= [ [ T X 161> 1) dxda
o0 2 ———
=~ (=2, @[ T X111 >a1 () dnda
- lg"
=[5 [ at@rax
=~ﬁﬁfzig')lg'l"zdx
=—[f9 Ag]!

Hence A is symmetric operator.
The proof of theorem 2
As J€G(L,), thus @,(f, f)=0 and G(L,) is Kernel space.

Now proving that § . ( * . * ) is generalized semi-inner product space, only to prove
1@.(F, I<IQF, DIVIQ-(g, gyl I, geH,.
In fact,
1Q.(F, 91=1Q(F, 9)1=|Re[4*f, g]|
=0.5|Re[A*f, g]+Re[f, A**g]|
As A*>— A4, —A**c A", then
1@+ (F, 9)1=0.5|Re(4*f, g]+Relf, —A%*g]]
Set a new generalized semi-inner product in H X H following that
(@, p]i.=Re[s', v']+Relu?, v?)],
a={u', u*}, o={v', vV*}€H X H.
Similary lemma 1, {* . * ] is generalized semi-inner product in H X H. Let
Wa=W{u', u'}={u?, u'}, 8€EHXH.
Then W is generaliged P self-adjoint operator in (H X H.[ * .+ }1). Let
W.a=Ws, w€H,, W,a=-Wa, s€H\H, ,
W is positive operator, and easily proves the following inequality of W,
[ (W8, 0] |<<| (W8, 8l | (W18, B]] 7t

And easily proves that

1Q.(f, IKO5[[Wu’, u']u|'?|[Wo’, v/]1y|@ D
=0.5{|Re[A*f, f],+Relf, A**f],|}'"*{|Re[4*g, g],
+Re[g’ Alﬁg]’l}()‘l)/'
=1Q.(F, H1"1Q_(@. plt 7
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where
u' ={f, A'f}, v’ ={g, A%*g}.

Thus completes the proof.

Lemm3 Q(f, 9)=0(7, §), f, ¢ iscosetof ¥, 3. f, g€R, F, JER,
Proof ObviouslyQ(f,f)=0,whenf€G(Lu). As fE€ER, [ ,€G(L,), first we prove Qf+

Foo 1)=Q(f, ). In fact
QUf+7e, H=0.(F.+F, TH+Q_(F_, f) (2.1)
Q. (F.+70, F=Q(F.+F., F.)signQ(f., f.)
=[A*(f.+fo), f.)signQ(F., f.)
=[A*f,, f.1signQ(f,, F.)+[4f., f.1signQ(f,, §.)
=Q.(F., Jo) + A4S, F.1signQ_(F., Fo) o

where

f+={f+, L1f+}€Hf) Ll=A*—I’ Jrn={fo,L0’fo}€G(Lo),

Now prove (4 . fu, /.]=0.
From Theorem 2, similary we have

[ [Afos f+]|=|0(fro’ }¢)l=0.5|[Wf:n filinl
<O51IWfes folul'? I IWfes filul '
=0.5|[Af0, fol,|'"?|[WfL, filul 7"V 7=0,

where
['=Afs A*f}, Fo=ifo:Losfobs Fo=1fs, Lif
Hence [4 fo . f+]=0
Q(f+F., H=QF +F., HH=0.(F.s FO+0-(F, 1)
=O(}.: .-F)'
The following we prove

O(f, f+70)=‘0(fs }."‘}‘70):0(}) ?))
FER,®H_, F.€G(Ly),

where f=F,+f_.
Remark J,+7.€H,, J_+7f.€H_,

G(}’ ?'*'?0):‘04-(}00 }’ f0)+a—(}—’ }—)
=Qo(f+’ }+)+ Q-G-. }-+}o).

Q=G 1470 =0.F.» FO+Q_(0. FI=0.(}.. )
=0+(}+9 }++?o)=0(}+s }o"‘fﬂ),
then

04(}4’ f¢+ fo)=0#(}+’ }+)
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Similarly we have

Q. (f,, F-+F)=0.(}-, I.)

hence

O(f, i’+f.)=0+(f+’ }+)+0—(}-’ i) =°(?o f)

Now we get that

Q(s, 0)=0(n, ), 9€H,/G(L)®H_/G(L,), 1€A.®H_,
8 is coset of &1
The proof of theorem 3
As @ is indefinite metric and . is semi-linear, we have that (B,Q)is generalized indefinite
metric space, That is all.
Let N is negative subspace.of (B, §) and R is projection from N to . where H=H®
H . Prove easily that N is negative subspace of (H,Q) and

lalr<-Q(s, 8)=-Q@, )<clal’, 1orany {8, u}€N.

Lemma 4 If Nis maximum negative subspace, N is a maximum negative subspace of

Lemma 5 If N is maximum negative subspace thus

Wfir<—0(, H, I=tf, FreN.

Define (plf'—b}, then @ is contraction mapping from X to H. Another, if @ is contraction
mapping, then the graph of ¢ is maximum negative subspace in H.
The proof of theorem 4

Assume that L is the maximum dissipative extension, then Re[Lf, f1<o, feED(L),
If feD(L,), gED(L), then

Re[L.f, gl=Re[4f, g1-(f, g]
|Re(4f, glI<IRe[L.f, gll+I1(f, alI<ULSI+1£1)]gl*
[ (4f, g)I<2(ILfI+1fD)1glr?

Hence, geD(A*. D(L)DD(L),

For arbitrary g€ D(L,), f€D(L), we have

Ilg, Lf—Lif1I<IgIILf—Lifl*"".
From the Riesz representation theorem of generalized semi-inner product space [6]. there
exists unique fE€H, so that for any g€D(L,),

[99 Lf—Llf]=[g’ f]’ Lf_'Llf:f-
Therefore Lu=L.u+f. The following proves that

Q(f, 9)=O(}, §)=0+(}+, §+)+Q-(f-, y-)’ f} QEH
f . 9 are coset of ¥ 5. and

?=}++}-9 §=g++g-, }ﬂ gd~€H+’ }-9 Q_EH_,
The following inequality will holds:
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ot H=mif-Frr+ifir<o
here m is an arbitrary constant, J={f. L.f} € G(L.). f is coset of f. First, proves
Qd, H-mif-Ffrr+ifir<o,  FEG(L)
Since Q(F, ) =[L.f, f1—[f, f1, itfollows that

Re(L.f, f1=Q(, H-1f, f1.
As

Re[Lf, f1<0, Re[Lif+F, f1<0
Q(f, H—Relf, f1+Relf, fi1<v.

Hence, to prove (2.3), we only need to prove

—mlf~FIr+1fI'<—1f, f1+Relf, f1.

In fact
Re[—f+F, f]
<|[—f;+f, Iif=flfie?
<If=fl/p+1flv/q, 1/p+1/g=1

The left hand of the above equality [f, f]1+Re[f, f]. So
Uf, f1=Relf, f1>~1f=F1/p~1fl*/q

Using the above inequality in (2.4), we have to prove

~mif=~Fir+ 1517 =1f = FIr/-1£17/a<0
or  (=m—1/p)If=FIP+1FIP<IfI7/q

Note that
Re[~f+F, £
<it-f+5, In<ifF-mir-<is-fierp 15144
gRe[—f¥f, fi<ta/p)lf~FIr+1F1?
—qRelf, F1+@-n1f1Ir<qlr-Fir/p
~(a/(a=1))Relf, F1+1F1P<(a/(p(a=D))If~FI’
—(g/(a=1))Re(f, FI1<(a/(pl@—=0))If=F12=1f1
Hence,

IF17~1f~Fir<pRelf, F1<plsfiIF1>-
SPLU/PINFIP+ (1/qh 1 £ 1P=0)
=H I+ (p/ah) IS
In the above formula, let {>>0 and 1 — (p/qi) >0..
Take 0<I<(A/1+4p +1)/q, then I*—1/q—p/q*<0, 1—(p/ql)>0.

The above form also used the following inequality

(2.2)

(2.3)

(2.4)

(2.5)
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ablla®/p+b% gl, 1 p+1 g=1, a>0, b>0, I>0.

By simplifving. we pet

(=p a1 f1r=1f=Fie<iify?

r

VFir— g = FiP = p(ah) <SP T = plgh) ™
Using itin (2.5) we only have to prove
(—m— 1| /p-f—l/[l —p(ql)‘ll) ”f“f ”p<(_1"(1_1)(q1)‘l) + |/q) ”f“’ (Z 6)

To prove (2.0). take m=—1/p+1.71—=p(ql)7'1<0. At this time. the left hand of (2.6
15 0. the coetficient the right hand = =1/ 1= p(gD) "' 14+ 1/¢>0. Therefore. (2.6) holds natu-
rally. Henee (2.3) holds. So

QUF, ) —mlf=FI*+171'<<0, F={f.L f}.m<o.

lorollows that. Q(F.pr<o, FeB_, O(F.HH=@.(}.F) .50 @(f./H)=QF.})=0.
of. ). Hencee (2.2) holds.

Sinee Lo=/ly0— Lo, v€D(L,). [ depends on the coset of f in B, f=g¢(f),

Note that --m<C0, so —m| f—7[?>>0. Hence. the middle term of equality (2.2) may be
omitted and

QUf. Hy+luHHir<o,  fED(L,)

Therefore if. @(f+!. € D(L.) forms a negative subspace corresponding to 0 in H.

On the other hund if Lu=L,u- (&) and L is the extension of L. and{{8,¢(2)}|u€ED
(L)1~ the manimum negative subspace of H. then it can be shown that (2.2) holds. so L is p
dissipative operator.

Therefore, there exists an one to one correspondence negative subspace of H. The

representation is gotten. This completes the proof.
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