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Abstract 
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I. Introduction 

The studx ol" Iongtime chaotic behavior "of Schr~idinger equation makes tile study of 

,,olilon thc~w~ richer. Since nonlinear SchriSdinger equation is very cornplex, these problems are 

difficult, One can see the works about these prolems in [ I ] - [4] .  especially, [I] studies attractors 

and l'ractal dimension of this equation. We study nonlinear SchriSdinger equation using the 

methods developed recently in studying longtime behavior of infinite dirnension dynamics 

system. In this paper we will resolve the first question of this problem, give the represent~!tion 

of maximum dissipative extension of Schr~idinger operator  in this equation. Then. using the 

representation, we will study the geometric form of attractor, temple chaotic, inertial manifold 

and inertial form is Schr6dinger equation. Then, in the Section 11, using the generalized semi- 

inner product splice, we will give a new space: generalized indefinite metric space, which holds 

the meaning of Banach space in general. In the meantime, we give the natural boundary splice 

oF SchriJdinger operator,  which is a generalized indefinite metric space. Then, using the 

indefinite met,'ic of natural boundary.space, we give the o n e - o n e  correspondence between the 

maximum dissipative extension of SchriSdinger operator and the maximurn negative subspace 

of nalural boundary space. We gi~.e the representation. 

According to [4]. Schrfdinger operator  is - - h & + V ' ( x ) ,  defined in C ~ ( M ) ,  M is C "~ 
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compact Riemann manifold. The SchrSdinger operator has unique self adjective extension in 

Sobolev space HZ(M). But. if the domain isn't Riemann manifold, the operator becomes 
complex and the study of the Schr/Sdinger equation becomes difficult. In this paper, we study 

the domain of Banach space, and give the maximum dissipative extension of this operator. 

Suppose that 

Lot=i/"  - /  

D ( L o ) = { f , / ,  / ' ,  /"EL,'[O, 2n] ,  f ( o ) = / ' ( 2 , r ) ,  

1'(0) =/ ' (2~) ,  t<p'<oo} 

L.. is the type of Schr6dinger operator which will be studied. Let X - - L P ' [ 0 ,  2~] ,  make 
generalized semi-inner product [- , .]~ ( see [5] ). where 

I? [f,  g],-_- fglgl,-~dx, t<p<oo,  

p nazi', be different from p ' .  

Obviously the norm in h" is I f -- [I. /]'/'. suppose A:D(L,,)~ X. Af = i f " .  
Let G(L.) = ~,[L L,,/] : / e  D(L,,] /n h" x X . c o n s t r u c t Q ( ' , ' )  

Q(f ,  g) = (fg) '(zn) - -  t/g) '~u) 

= f '  ~2.-~) 9(~-~) - / '  (o),j~o) -+ /~" ,Og '  (2.,,) - / ( o )g '  (o) 

Let ' ~ = / : / + + ~ H  . here 

H §  O(/,  / ) ~ u t ,  Fl_=span{fEX,  O( / ,  /)~.~o~ 

Denote1~l=l~,/G(L0).Construct  Q~=(~.4(~_ in /) .here 

q~§ O*)=O(. /§  O+)s ignQ(o§  O+), ].,., O,,.EH+ 
0_(]_, O_)=O(t_, O _ ) ( - s i g n Q ( 0 _ ,  O-)) ,  ~_, O_EH_ 

k e t R = . { f , f ,  I 'EX},H=R@r.~I ", forany ] 6 { f ,  ,{},  define 

O(l, #l,.  
T h e o r e m  1 A is symmetric operator in Banach space X. (see[5] for the definition) 

T h e o r e m  2 (H§ are generalized semi-inner product 
space. 

T h e o r e m  3 (/~, ~)  is generalized indefinite metric space. 
T h e o r e m  4 If the maximum dissipative extension of L,, is L, then L responds one to 

one with the maximum negative subspace ~ o f / / a n d .  

Lu-~iu" - u  +q~(O) 

D(L)=~u,u, u', 

is projection of N" from R to /~ .  

."ex ,  aE-~ ~, 

II. T h e  P r o o f  o f  t h e  T h e o r e m  

In this paper, operator L,, is in Banach space, naturally, the study of the operator L,, is 
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more  difficult than that  o f  ope ra to r s  in Hilbert  space. For this reason,  we construct  generalized 

semi: inner  product  in Banach space and use generalized p sell" adjective, dissipative ope ra to r  

[5]. The  s tudy of  ifidefinite metric space can be seen in [6] and [7] . Now we const ruct  

gener.alized indefinite metric  splice. Fuaqher and deeper  stud,, o f  this space will be given 

elsewhere in ano the r  paper .  

D e f i n i t i o n  1 R is complex (or real) linear space. Define ( y ,  z> for a rb i t ra ry  .v .y.  z 
6_/e, 3,lz.C(complex). if the following is satisfied 

(I) <x+y,  z>=<x, z>+<V, z>, <,a.x, u>=,a.<x, v>. 
(2) For  a r b i t r a r y y E R ,  i f < x ,  y>=O, then x = 0  

Thus  we ca l l (R ,  < �9 �9 > )  generalized Krein space. 

D e f i n i t i o n  2 Space (R, < " , "  > )  is called generalized indefinite metric space, if it 

includes two subspace H + , / - / _ a n d  

(1) R = H + ~ / q _  . here ~ is direct sum lind o r thogona l  accord ing  to < �9 . �9 > thai is 

<x,  y > = 0 ,  xEH+, yEH_. 
(2) (tt~. < �9 , �9 > ,  (H , -  < �9 , �9 > ) are generalized semi-inner  product  splice. 

Here tt~=',x e R J < x ,  . v > > 0 ' j ,  t t .=Ix ~ RJ<.v, x>0__< I, tt.,!t are called positive 

subspace and negative subspace,  respectively. 

L e m m a l  1 R is generalized indefinite metric space. 

f i x ,  9~.R, x=x ,+x_ .  .,I--=y++9_, x+ ,9 ,EH, , x_ ,  9_EH_. Let 

Ix, y]=<x§ y§ y_>, 
then(R. [ �9 , �9 ]) is a generalized semi-inner  p roduc t  space. 

P r o o f  The main point is to prove  the following inequali ty 

I [ x ,  ..u]l~,<[x, 9 ] " ' [ , . u ,  . . q ] " - ' " '  p > l .  

Since ab~ap/p+bq/q,a~O, b~o, here 1 p + l  q = l .  it is sufficient to prove.  

(1 + k m ' - ' ) ' ~ ( l  +k ')  (1 +m') P-i 

The above  inequali ty and be proved using series Young  inequality. Omi t  the proof.  

Define project ope ra to r  P::FI=(R,  4., .>)oHm, so t h a t x = x + + x _ E l I , - - . x , E H , .  

L e m m a  2 The  necessary and sufficient for nonnegat ive  subspace  L to be m a x i m u m  

Every nonnegat ive  subspace  is included in a m a x i m u m  nonnegat ive  subspace  is that P .  L =  H .  

nonnegat ive  subspace.  

Omi t t ed  p r o o f .  

The proof of theorem 1 
Assume./~ 9 ~ D(L,,). then 

fAr, 9 ] , = I ~ "  if"gig , o, 

F = i fug(p--2)  XCO. lal](x)a'-3da)dx 

- ( P - 2 ) J o  a'-8~, ~ igX[jgl>a](x)df')da 
--- (p- 2) IT ct,-a(- I~'ig' X[19j >a](x)dOdct 
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I a,-'J':0 

= - ; "  l ( ~ i T l  a" I'-'dx 

= -  [ / ,  Aa],  

Hence  A is symmetr ic  opera tor .  

T h e  p r o o f  o f  t h e o r e m  2 

As 1@,G(L,), thus Q• f ) = 0  and G(Lo) is Kernel  space. 

Now proving  that  ~§  �9 , �9 ) is generalized semi-inner  p roduc t  space, only to p rove  

10.(t ,  g) l<10§ f) l '"10-(g, O) f : ' - '" ,  1, gt:Fl,. 

I n fact, 

IQ.(J, g)l=lQ(f,  g) l=lRe[A*/, g]l 
=o.51ReE,,l*j', a ]+Re[/ ,  A**a] 

As A ' D - A ,  --fl**cA*, then 

IO*(], g) l=O.5lRe[A*f, . q ] + R e t f ,  - A ' g ]  

Set a new generalized semi-inner p roduc t  in H • H fol lowing-ihat  

[u, ~]l~-=Re[u', v~J+ReLu 2, vz], 
u={u ~, u~}, ~=-{v', v2}EHxH.  

Similary l emma I, [ �9 , �9 ],: is generalized semi-inner  p roduc t  in H x H. Let 

We=W{u t, u~}.={u ~, ut}, eEHxH. 

Then W is generaliged P self-adjoint ope ra to r  in (H • H. [ . �9 ] ~_~). Let 

WIe----W[~, u E H + ,  W t g = - W e ,  eEII+\H. , 

W, is positive opera tor ,  and easily proves  the following inequali ty of  W, 

I[WIQ, v]t,l~<l [W~s, ~]~,1"'1 [W~, ~].1 ~'-'''. 
And easily proves  that  

10§ g)1~<0.51 [Wu', u']~,l~',l [Wv', v"l.l~, - ' ' ,  
=o.5{]Re[A*f, / ] ,+Re[/ ' ,  A**/],I }'"{IRe[A*.q, g], 

+ R e [ g ,  A**g],I }<,-i~,, 

=1(2,(./, ] ) l" ' lO-(g,  g) l"- '" '  
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where 

u'----{I, A*Jf}, v'----{g, A 'g} .  

Thus completes the proof. 
Lemm 3 ~ ( ] ,  ~ ) = ~ ( ~ ,  ~), ~, ~ iscoset of jr, ~ .  I, 0E/~, J~, 
Proof  Obviously ~ (L])=o,  when ~EG(Lo). As ~Cr.lYl , f oEG (Lo), 

~'o, f ) - - O ( I ,  1)-In fact 

O(l+I,, I)=O§ 7+)+0_(I_, f_) 
(~+(j~++70, l + ) = O ( ] §  j~+)signQ(]. ,  ] , )  

= [A*( /++ . f0 ) ,  /+]signO(jL, ,  j~+) 

----[A'f+, . /+ ] s ignO(L ,  jr+)+[A/o, / . ] s i g n O ( ] + ,  j~+) 
=0+(]+, ]+)+[A.[o, ]+]signO_(]§ ]+), 

where 

]§ LJ . }E t t§  

Now prove [A . /;,,/.]=0. 
From Theorem 2, similary we have 

L I - - A * - I ,  

where 

.:o = {.f o, Lo, Jo}EG (Lo). 

I[A/o, t . ]1=10(~o ,  ] . ) l=O.51[Wfg,  1$],,1 
~<o.51[W/;, /g ] , f l*" l [W/: ,  ./~.]**1"-' "' 
=o.sl [AA, /o],l",l[W/+', .C.1,.I"-'>"=o, 

/ ' , = { / ,  A ' f } ,  J~o={/o,Lo,/'o}, j~+={.t'., Lt/§ 

Hence [Aft ,./'.] = 0 

o(f+L, h--0(~+L, /)=O.(J§ t.)+O_(f_, t-) 
~0(~,  7). 

The following we prove 

O(I, J+:~ 7+L)ffiO(7, ?), 
7~g.mg_, L~G(Lo), 

where [ =j~, +• . 

Remark I ,  + ~r0E//§ , ] -  + ]0ER_. 

As 

then 

0(I ,  I+ Io)=0.( I . ,  I.Io)+Q_tL, I-) 
=Q.(I., J.)+ O-(l-, L+I~ 

0=(1. ,  t++L)ffiO.(/., /.)+O_(0, L)=O,(I. ,  j'.) 
•g.(l., L+L)--Ot/. ,  1.+7o), 

0.(t.,, l .+  L)=O,.(1., 1.) 

~E~/ ' .  
first we prove {~ (/t + 

(2.1) 
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Similarly we have 

hence 

Now we get that 

0(~, 

O_(L, L+L)=O_(L, L), 

~+7,)=r247 L)+r L)=O(~, ~) 

0(~, d)ffi~(1L tZ), dEH+/G(Lo)~)FI_/G(Lo), rIEFI+@H_, 
is coset of il. 

The proof  of  t h e o r e m  3 
As 0 is indefinite metric and ~. is semi-linear, we have that ( /~ ,~ ) i s  generalized indefinite 

metric space. That is all. 
Let ~" is negative subspace of(/]r, ~)  and ~ is orojection from 2~ to /~. where 

~ .  Prove easily that ~ is negative subspace of (/~',~) and 

U a l J ' ~ - 0 ( a ,  a ) = - - ~ ( [ l ,  ~)~cHaJl ' ,  l o r a n y { a ,  a}EN. 

0 

/?=,9@ 

L e m m a  4 If ~ ' is  maximum negative subspace. ]qis a maximum negative subspace of 

L e m m a  5 If ~ is maximum negative subspace thus 

ll/~,<-O(l, l), l=~l,  t~E~. 
Define m~ ].---.f,  then m is contraction mapping from 2~" to .l~ r. Another, i f ~  is contraction 

], 0EB 

r_E//_. 

Co, L.I-Ld]=[g, f], L I - L J = f .  
Therefore Lu = L,u+]. The following proves that 

O(I, 0)=O(.T, ~)=r247 g§ g_), 
f ' O are coset ofT. ~. and 

~=L+t_, .~=~§ L, ~.En+, I_, 
The following inequality will holds: 

mapping, then the graph ofq0 is maximum negative subspace in/7. 
The proof  o f  t h e o r e m  4 

Assume that L is the maximum dissipative extension, then R e [ L f ,  J ] ~ 0 ,  fED(L). 
If IED(Lo), 9ED(L), then 

Ro[Lo]',  9]=Re[Af, g ] - [ f ,  93 

I Re[AI, #]1~1 Re[L0./ ,  .q]r + J i/t, ._q] f~(UL0j.U + Hfll)I[.qll'-' 

I[Af, g]'l~<2(llL0,r + Hi'I) UglI'-' 

Hence...qED(A~/. D(LD DD(L). 
For arbitrary 9ED(L0) ,  f E D ( L ) ,  we have 

I [g, L!-L , I ]  I~llgllllL.f-L~fll'-'. 
From the Riesz representation theorem of generalized semi-inner product space [6]. there 

exists unique f e a r ,  so that for any 9ED(Lo), 
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0(l,  t) - , , , i / -  ?i,+ a/u,<o 
here m is an arbitrary constant,,~= .~: L,f} e G(Lo). 1 is coset of/. First, proves 

O(t, t) -ml . f -  ]1'+ l IP<0,  ]EG(Lt) 

Since O ( ] ,  ])  = [Llf, f ]  - If ,  f ]  , it follows that 

ReEL~/, f]..~O(], ] ) - I f ,  f ] .  

As 

Ro.[LJ', / l < O ,  

O(J, ]) - Re,[.f, 

Hence, to prove (2.3), we only need to prove 

In fact 

Re[L,f+L f]<o 
f ] + R e [ ] ,  f]~<u. 

-mJl,f-]il'+ll]ll'<~.-[f, /]+Re[], f]. 

ReC-/§ ~', f] 
<l  I-/+i, /]l<la/-]llll/U,-' 
~ll:-,fll,/p+ U/IIVq, I/p-i- I/qffi 1 

The left hand of the above equality [f ,  f ]  + R e [ f ,  f ] ,  So 

El, . f ] - R e E L  f ] ~ -  if l-~ll '/p-llfU'/q 
Using the above inequality in (2.4), we have to prove 

- m i l l -  ]11'+ U] I1'- UJ-]U'/p-IIJ'll'/q~O 
or ( - m -  ~/p)I l l -  ]U" + IJ]ll"~U/ll,/q 

Note that 

R e [ - / + ? ,  ] ]  

< l [ - / +  ], I] I<lf?-,'~ii]li,-'<lj/- ] , , /p+ II,~ll,/q 
qP,,e[-J" f , f ,  ]]<'..<~(q/P)~/-]I]'+tI]H" 

-qRe[[,  ] ]  + (q-  1)II , fH'<ql l / -  ] ~ ' / P  

- (q/(q- 1))Re[/, ,f] + l i ] l l '~<(q / (p (q-  1 ) ) ) B / - ] M '  

- (q/(q-1))Ref/ ,  ] l ~ ( q / ( / , ( q - l ) ) ) I I / - j ~ H  " -  fl]ll" 

Hence, 

u,}u ' -  u/- ]~,<prte[/, ]2<piltliu/ll'-' 
~<pE (x/p)U/ll" + (~/qt)II ]ll-'-'~,l 
=.tU~, + (p/qt)H]~, 

In the above formula, let 1>0 and 1 -- (p/ql)~0.. 
Take 0 < I < ( , d ' T ~ +  l)/q, then iZ-l/q-p/qZ<O, 
The above form also used the following inequality 

- (P/qD >o.  

(2.2) 

(2.3) 

(2.4) 

(2.s) 
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a b ~ l a P , , p + b L q l ,  I p , - I  q = l ,  a ) O ,  b",o,  I ~ o .  

B~ ~implil'.~ing. ~e  gel 

(1 -- p ql)II .~ It' - Ill - .f II'~<Z II/I1" 

t,,. JPfi, p -  ' I f -  f l j~ ' / [ t  - p ( q l ) - ' ] ~ l i l f l i P , " [ ]  - p ( q l )  -~ ' 

t',,ir, g it in 2.51. v, e o n l y  have to prove 

( - m - I / P + l / [ l - p ( q l ) - ~ ! ) t l f - - ] I T ' ~ ( - l . ' ( 1 - p ( q l ) - ' ) + t / q ) J J f ] ]  ' (2 6) 

1-o p r m r  (2.(,). take m= - I / p +  1,~1 - p ( q l ) - ~ ] ( O .  At this time. the left hand of  (2.6~ 

is (). [he coefficient the right hand = - - l / i l  - p(ql)-~l  + I / q ~ 0 .  Thereffwe, (2.61 holds natu-  

rallx. I lencc (2.31 hoM~,. So 

o(1,1) - m l ' , f - ] ' l l ' +  II ]11'~o,  l ' = { f , L , f } , m < o .  

,, th,.,t. O ( ] . l ) < 0 ,  I < H _ ,  . So = 0 _  
( ] . f ) .  Ilcncc (22)holds. 

Sim.'c L a = L t v - L , v ,  v<D(L, , ) .  ] depends  on t h e c o s e t  c , f . /  in B , /----q~(../). 

Note t h a t - - m . ~ 0 ,  s o - - m l [ . f - ] ] ] ~ ' ~ - 0 .  Hence.  the middle term of  equali ty ( 2 . 2 ) m a y  be 

omit lcd ;tnd 

0)([ , . / )  + IIv,(f)I1'~<0, IE.D(L0) 

Therc lo ,c  1]. q,@:. f< D(L) forms  ;, negatixe subspace co , re spond ing  to 0 in R.  

On the other  hand if Lu=.L,u-, Cl+(~) and L is the exten, ion of  L,, a n d { { f l , q , ( f l ) }  ]nED 
(l-1}~', tile maxmlunl  negative subspace of  l~'. then it can be shown that (2 .2 )ho lds .  so L is p 

dissipative ,.,pcrator. 

Thcrcforc .  thcrc exists an one to one cor respondence  negcltive subspace of  1:/. The 

rcprcscrllation is gottcil. This completes  tile proc, f. 
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