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NONHARMONIC FOURIER SERIES
IN THE SOBOLEV SPACES
OF POSITIVE FRACTIONAL ORDERS

SERGEI A. IVANOV
(Received August 1994)

Abstract. It is proved that if an exponential family £ = {e**n*} forms a Riesz basis
in L2(0,T), then the normalized family forms a Riesz basis in Sobolev space H*(0, T')
on addition of m — 1 or m exponentials, where m —1 < s <m and s # m — 1/2.

Introduction

In the present paper it is proved that if an exponential family £ = {e**~t} forms
a Riesz basis in L2(0,7') then the normalized family forms a Riesz basis in the
closure of its linear span in the Sobolev space H*(0,T') and this family forms a
Riesz basis after addition of m — 1 or m exponentials, where m — 1 < s < m and
s#Em—1/2.

Notice that the Riesz basis theory of exponential families in L2(0,T)) is well devel-
oped as in scalar (Pavlov 1979; Hrushchev, Nikol’skif and Pavlov 1981) as well in the
vector case (Ivanov 1983b; Avdonin and Ivanov 1989; Avdonin and Ivanov 1995b),
while the properties of £ in the Sobolev spaces has not been adequately stud-
ied. The current status of the H*-theory is that only results about connections of
L?-basisness and H°-basisness are known.

1.

Exponential families £ = {e*»t} or £ = {n,ei*t}, 1, being elements of an
auxiliary Hilbert space, arise in diverse fields of mathematics. Let us mention the
following ones.

iAn

(i) Nonselfadjoint Model Operator Theory

The inverse Fourier transform maps exponentials e**»*, ¢ > 0, Im A > 0, into
simple fractions 1/(z+\,) belonging to the Hardy space H? of functions analytical
in the upper halfplane. Simple fractions are the eigenfunctions of Sz.—-Nagy — Foias
dissipative model operator (the shift operator), see (Nikol’skii 1980).

Some problems for vector exponentials 7,e**»* connected with the model oper-
ator, are studied in (Ivanov 1985; Avdonin and Ivanov 1989; Avdonin and Ivanov
1995b).

(ii) Resonance Scattering

In (Pavlov 1971) it was established that completeness and basis properties of
the resonance state family are equivalent to the same properties for joined system
of the root functions of a model operator and its adjoint (joint completeness and
joint basis property). Taking into account connection with exponentials mentioned
above we reduce study of resonance state family to study of exponential family.
For the Regge problem for multichannel system this approach was developed in
(Ivanov and Pavlov 1978; Ivanov 1978; Ivanov 1983).
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(iii) Control Theory

The Fourier method for control problem for hyperbolic equations leads to a
moment problem for scalar or vector exponential family £, where \,, being eigen-
frequences of the hyperbolic system (Russell 1967; Avdonin and Ivanov 1984;
Avdonin and Ivanov 1989a,b; Avdonin and Ivanov 1995a,b; Avdonin, Ivanov, and
Ishmukhametov 1991). In some control problems it is essential to study exponen-
tial families not only in L? space but also in the Sobolev space H® (Narukawa and
Suzuki 1986; Avdonin and Ivanov 1989b; Avdonin and Ivanov 1995a,b).

2.

In this section we introduce concepts and notations and cite known results about
basis property of exponential families.

Let Z be a family {{,} of elements of Hilbert space H. By \/ E (or \/,, E) we
denote the closure of the linear span of Z in H norm.

Definition. Family Z is called an L-basis (Riesz basis in the closure of its linear
span) if in H there exists an operator V (orthogonalizer) mapping family = onto
orthonormalized family and V is an isomorphism onto its image.

Complete in ‘H L-basis is called a Riesz basis.
Set en(t) := cpent, n € Z, where c,, ¢y := /(1 —e~2mAT)/2 Im )\,, are
normalizing in L2(0,T) coefficients. The set {)\,} is called the spectrum of £.

In (Russell 1982) D.L. Russell studied basis property of exponential families in
the Sobolev spaces H™(0,T) with m € Z. Let us cite the result for m > 0.

Proposition 1. (Russell 1982) Let family € = {e,} be d Riesz basis in L?(0,T),
points pi,... ,Wrm be different and not belonging to the spectrum {\,}. Then the

family
fene™ /(1 + D™} U™y
forms a Riesz basis in the Sobolev space H™(0,T).

So the “original” basis family £ preserves L-basis property in H™(0,T'), but it
does not preserve completeness. Let us notice, that the “effect” is characteristic
for exponential family. For example, Legendre polynomial family {P,} is obviously
complete in H™(—1,1) but this family is not even unifdrmly minimal; it is easy to
check that angles ¢,, between polynomials P, and P,;; tend to zero:

|(Pna Pn+1)Hm|
| Prllrm || Pt 1]l m n—voo

COS Y, =

In (Avdonin and Ivanov 1989b; Avdonin and Ivanov 1995b) the Russell’s
theorem was generalized to subspaces generated by groups of exponentials and
the obtained result was used for the controllability problem for a rectangular mem-
brane (Avdonin and Ivanov 1989b; Avdonin and Ivanov 1995a,b).

In (Narukawa and Suzuki 1986) basis property of special exponential family was
studied in H*(0,T') for noninteger s.

*The book (Avdonin and Ivanov 1989b) contains an incorrect result about vector exponential
family in H*(0,T;CN). The same mistake was made in (Jod 1993).
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Proposition 2. (Narukawa and Suzuki 1986) Let A2, n =1,2,..., be eigenvalues

of a Sturm-Liouville operator
d2

~ da?

acting in L%(0,1) with a smooth potential p and Dirichlet boundary conditions at
z=0andz=1. Ifs—1/2¢Z, and s > 0, then the family

+ p(z)

{eii)‘"t/(l + |n|s)}:°=1

forms an L-basis in H*(0,2) and codimension of \/ . € (dimension of the orthog-
onal complement to the linear span of £) is equal to entier(s +1/2) + 1.

Lemma 1. (Narukawa and Suzuki 1986) Let ® = {¢n}nez, on(t) = e2™/T,
and s > 0, s ¢ Z+ 1/2. Then the family ) := {¢,/(1 + |n|*)}nez forms an
L-basis in H*(0,T) and codim®(®) = entier(s + 1/2).

The proof of the lemma is rather direct and rests on the fact that harmonics
are the eigenfunctions of the operator A, := —d?/dz? with periodic conditions.
Therefore after normalisation ® forms an L-basis in H® and the closure of its
linear span has the form

\/2=D ((1 # A,,)sfz)

Hs
= {u € H*(0,T) | w(0) = w(T),u'(0) = «'(T),... ,u?(0) = u@(T)},
g<s-—1/2.

So we have
codim V ® = entier(s + 1/2).
Hs

Lemma is proved.

3. Main Result

In the present paper, we do not assume that the spectrum of £ is the set of
eigenfrequences of a Sturm-Liouville operator, but we suppose that £ forms a
Riesz basis in L2(0,7T). In fact, the progress is that we change asymptotics

An =2mn/T + o(1)

by L? basis property of £, which is more general than asymptotics, see (Avdonin
1974; Hrushchev, Nikol’skil, and Pavlov 1981).

Theorem. Let the family £ = {e***},cz be a Riesz basis in L%(0,T), points
W1, .., m be different and not belonging to the spectrum {An}nez of €, and s be
a positive number such that m —1 < s<m, s#m—1/2, for m € N.

Then the family £) := {c,e*»t/(1 4 |Aa|*) }nez forms an L-basis in H(0,T)
and, moreover, the family
£ temstypt, (1)
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or the family
O | e (2)
forms a Riesz basis in H*(0,T).
The proof of the theorem is based on “interpolation” between basis property of

€ in L? space (assumption of the theorem) and basis property of £ (m) in H™ space
(Proposition 1).

Proof. We assume without loss of generality that the spectrum {\,} of £ is in-
dexed as follows: Re), >0 forn >0, ReX, <0 forn <0, and Re\, increases
together with n.

Lemma 2. For the spectrum of £ we have

[An| 2m
—_—

|n| [n]—o00 ? ’

Proof of the Lemma. It is known (Hrushchev, Nikol’skii and Pavlov 1981;
Minkin 1991; Avdonin and Ivanov 1995b) that the spectrum of £ is the set of
zeros of a Cartright class function and

n4+ (’I‘) . 1

r r—ooo 21’

where
ny(r) = card{\, | |[An| < 7, ReXn > 0}, n_(r) = card{A, | |An| < 7, ReAn < 0}.
It follows from the definitions that for any € > 0
niy(|An] +€) >n+1, ny(|An| —€) < m, n >0,
n—(|An| +€) 2 |, n_(|An| —€) <Inf -1, n <0.

So we have for n > 0

ntl _nealte) T n _ml-9 T
I)\n|+6 - |An|+6 n—oo 27’ |/\n|—€ - . |An|—5 n—oo 2’

and similar relations for n_. Lemma is proved.

Let us introduce operator V on the linear span of £ by the formula
Ven = pn =¥™/T, nel.

Since £ and ® are both Riesz bases in L?(0,T), operator V can be continued on
the whole space L? and the continuation is an isomorphism.

We consider the restriction of V on \/ym . The V maps family £(™) — an
L-basis in H™ — into family &™) = {?7"/T /(1 4+ |A,|™)}nez. The latter family
is also an L-basis in H™. Indeed, by Lemma 1, family

{2™T /(1 + In|™)}nez
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forms an L-basis in H™ and by Lemma 2 we have |n| < |\,|, so elements of &(™)
are almost normed.

Since operator V|V ¢ maps one L-basis £ (m) in H™ into another £-basis ®(™)
H™
it is an isomorphism of subspaces \/ym £ and \/ gm ®.

It follows by interpolation theorem (see, for example, (Lions and Magenes 1968))
that the restriction of V on interpolation space

Mg = [L2,\/ €,
Hm
with s = #m, is also an isomorphism onto

My = L2, \/ @p
H'm

From topological inclusions

Hpc\/écH™, Hpc\/ecH™
Hm Hm™

we deduce that metrics in interpolations spaces HZ and Hg are equivalent to H®

metric and these spaces may be considered as subspaces in H*(0,T).
Since £(%) is the preimage under the isomorphism V of family ®(*), and () is
an L-basis in H®, the family £(*) is also an L-basis in H*.
So, we have the following situation:
(i) The family
{eae® /(1 + Aal™ ez | e
forms a Riesz basis in H™~1(0,T).
(ii) The family
£ = {cne™ /(1 + An]*)}nez
forms an L-basis in H*(0,T), m—1< s <m.
(ii) The family
{cae®* /(1 + Aal™) }nez | e} ®3)
forms a Riesz basis in H™(0,T) .
Since H™ is dense in H*, family (3) is complete in H*(0,T). If family £(*) | J{ets?} 72
is complete in H*, then it is complete also in H™~! what contradicts to (i).
So we have an alternative: one of the two families

S(S)U{ei“jt}T_l or S(S)U{ei“ft}’l"

forms a Riesz basis in H*(0,T"). Theorem is proved.
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4. Hypotheses

(i) In the main theorem we do not answer what family (family (1) or family
(2)) forms a Riesz basis in H* for given s. In the other words, we do not know the
“defect” (codimension) of family £(*) forming an L-basis.

Hypotheses 1. Form—1<s<m—1/2
codm €& =m-—1

andform—1/2<s<m
codim € = m.

(i) By analogy with Proposition 2 and the results of D.L. Russell, and
K. Narukawa and T. Suzuki (Russell 1982; Narukawa and Suzuki 1986) for ex-
ponential families in Sobolev spaces H*(0,T') of negative orders we may offer the
hypotheses.

Hypothesis 2. (Generalization of the D.L. Russell result). If family £ forms a
Riesz basis in L%(0,T) and s < 0, s ¢ Z + 1/2, then after elimination of entier
(|s| +1/2) exponentials we obtain Riesz basis family in H*(0,T) = (Hy*(0, T))'.

Hypothesis 3. (Generalization of the K. Narukawa and T. Suzuki results). If
family £ forms a Riesz basis in L?(0,T) and s < 0, s ¢ Z+ 1/2, then after addition
of entier(|s| + 1/2) exponentials we obtain Riesz basis family in (H~*(0,T))".

Acknowledgement. The author is thankful to S. Avdonin for useful discussions.
The author thanks the Commission of the European Communities for financial
support in the framework of the EC-Russia Collaborations (contract ESPRIT P
9282 ACTCS).

References

1. S.A. Avdonin, On Riesz bases of exponentials in L?, Vestnik Leningradskogo
Universiteta. Ser. Mat., Mekh., Astron. no. 13 (1974), 5-12. (Russian); English
transl. in Vestnik Leningrad Univ. Math. 7 (1979), 203-11.

2. S.A. Avdonin and S.A. Ivanov, Series bases of exponentials and the problem
of the complete damping of a system of strings, Doklady Akad. Nauk SSSR
275 no. 2 (1984), 355-358. (Russian); English transl. in Soviet Phys. Dokl. 29
(1984), 182-84.

3. S.A. Avdonin and S.A. Ivanov, Generating matriz-valued function in problems
of controlling the vibrations of connected strings, Dokl. Akad. Nauk SSSR 307
(1989a), 1033-1037; English transl. in Soviet Math. Dokl. 40 no. 1 (1990),
179-183. '

4. S.A. Avdonin and S.A. Ivanov, Controllability of Distributed Parameter Sys-
tems and Families of Exponentials, Kiev: UMK VO ed., 1989b. (Russian).

5. S.A. Avdonin and S.A. Ivanov, Boundary controllability problems for the wave
equation in a parallelepiped, Applied Math. Letters 8 no. 2 (1995a), 97-102.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

NONHARMONIC FOURIER SERIES IN THE SOBOLEV SPACES 45

. S.A. Avdonin and S.A. Ivanov, Families of Exponentials: The Method of Mo-

ments in Controllability Problem for Distributed Parameter Systems,
Cambridge University Press, 1995b.

. S.A. Avdonin, S.A. Ivanov and A.Z. Ishmukhametov, A quadratic problem of

optimal control of the vibrations of a string, Doklady Akad. Nauk SSSR 316
no. 4 (1991), 781-785. (Russian); English transl. in Soviet Math. Dokl. 43
(1991), 154-58.

. S.A. Ivanov, Completeness of resonance state system of matriz polar oper-

ator, Vestnik Leningradskogo Universiteta Ser. Mat. Mekh. Astron. no. 19
(1978), 43-48. (Russian); English transl. in Vestnik Leningrad Univ.Math.
(1983), p. 11.

. S.A. Ivanov, Completeness and basis property of resonance state system of

operator —A(m)g‘%, Vestnik Leningradskogo Universiteta, Ser. Mat., Mekh.,
Astron. no. 13 (1983a), 89-90. (Russian).

S.A. Ivanov, Bases of rational vector-valued functions and Carleson .sets, Dok-
lady Akad. Nauk Armyanskoj SSR 80 no. 1 (1985), 20-25. (Russian).

S.A. Ivanov and B.S. Pavlov, Carleson series of resonances in the Regge prob-
lem, Izvestiya Akad. Nauk SSSR Ser. Mat. 42 (1978), 26-55; English transl.
in Math. USSR Izv. (1978), p. 12. '

I. Joo, On the control of a circular membrane. I, Acta Math. Hung. 61 (1993),
303-325.

S.V. Hrushchev, N.K. Nikol’skii and B.S. Pavlov, The Inverse Problem in Scat-
tering Theory, Lecture Notes in Math., Springer, Berlin and New York, 1981,
pp- 214-335.

J.-1. Lion and E. Magenes, Problémes aux Limites Nonhomogénes et Applica-
tions, Paris: Dunod, 1968.

A .M. Minkin, Reflection of exponents, and unconditional bases of exponentials,
Algebra i Anal 3 no. 5 (1991), (Russian); English transl. in St. Petersburg
Math. J. 3 no. 5 (1992), 1043-1068.

N.K. Nikol’skii, A Treatise on the Shift Operator, Moskow, Nauka. (Russian),
1986; Engl. transl. Springer, Berlin.

K. Narukawa and T. Suzuki, Nonharmonic Fourier series and its applications,
Appl. Math. Optim. 14 (1986), 249-264.

B.S. Pavlov, On the joint completeness of eigenfunctions of contraction and
its conjugation, Problemy Matematicheskoj Fiziki (Problems of Mathematical
Physics) Vyp. 5 (1971), 101-112; Leningrad: Leningrad Univ. ed. (Russian).

B.S. Pavlov, Basicity of exponential system and Muckenhoupt condition, Dok-
lady Akad. Nauk. SSSR 247 no. 1 (1979), 37-40. (Russian); English transl. in
Soviet Math. Dokl. 20, 655-659.



46 SERGEI A. IVANOV

21. D.L. Russell, Nonharmonic Fourier series in the control theory of distributed
parameter systems, J. Math. Anal. Appl. 18 no. 3 (1967), 542-559.

22. D.L. Russell, On ezponential bases for the Sobolev spaces over an interval, J.
Math. Anal, Appl. 87 no. 2 (1982), 528-550.

Sergei A. Ivanov

Institute of Mathematics and Mechanics
St. Petersburg State University
Bibliotechnaya sq. 2

St. Petersburg 198904

RUSSIA

ISA@niimm.spb.su


mailto:ISA@niimm.spb.su

