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1. Introduction

The (Marcel) Riesz operators (R;)1<j<n are the following Fourier multipliers (we use the notation dii for the
Fourier transform of u: our normalization is given in the formula (3.1) of our appendix)
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The R; are selfadjoint bounded operators on L?*(R™) with norm 1. The riesz operators are the natural
multidimensional generalization of the Hilbert transform, given by the convolution with pvéwhich is the

one-dimensional Fourier multiplier by sign(§). These operators are bounded on LP(R™) for1 < p < o
and send L! into L},. However they are not continuous on the Schwartz class, because of the singularity at
the origin. The Leray-Hopf projector (that projector is also called the Helmholtz-Weyl projector by some
authors) is the following matrix valued Fourier multiplier, given by
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We can also consider the n X n matrix of operators given by @: = R @ R = (R;Ry)1<j k<n S€Nding the
vector space of L?(R™) vector fields into itself. The operator Q is selfadjoint and is a projection since
Y. R? = Id sothat Q% = Yi(RiRRRy) jx = Q. As aresult the (Leray-Hopf or Helmholtz-Weyl) operator
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is also an orthogonal projection; the operator is in fact the orthogonal projection onto the closed
subspace of L? vecor fields with null divergence. We have for a vector field Y}, u; d;, the identity
grad divu = V(V - u), and thus

graddiv=VQ®V=ARQ@R, sothat
Q=RQ®R= A"1grad div, divR @R = div,
which implies div Pu = divu — div(R @ R)u = 0, andifdivu = 0, we have Qu = 0 andu = Qu + Pu =

Pu. This operator plays an important role in fluid mechanics since the Navier-Stokes system for
incompressible fluids can be written as

;v + P((v . V)v) —vAv =0
(1.6) P((v) =v,
U|t:0 = V.

(*)v= % denotes the kinetical viscosity constant, while n denotes the dynamic viscosity constant, and p the density of the fluid).

As already said for the Riesz operators, P is not a classical pseudodifferential operator, because of the
singularity at the origin; however it is indeed a Fourier multiplier with the same continuity properties as
those of , and in particular is bounded on LP for p € (1, ). In three dimensions the curl operator is given
by the matrix
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sothat curl? = —AId + grad div and (the Bio-Savard law)



Id= (-8)"tcurl’ + A ! grad div = (—A) curl®> +Id — P
which gives
curl? = —AP,
so that [P, curl] = 0 and
Pcurl = curl P = curl (-A) tcurl? = curl (Id — A~ grad div) = curl
since curl grad = 0 (note also that the transposition of the latter gives div curl = 0).

The solutions of (1.6) are satisfying

v(t) = "4 — fot e(t="py(p(s) @ v(s))ds.
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Note: The pressure p of the NSE can be expressed in terms of the velocity u by the formulap =
Z?ykleij(ujuk), where R := (Ry, Ry, R3) is the Riesz transform and u ® u = (u;uy) is a 3x3 matrix.
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