Generalized Lemmata of Gronwall

Generalized Lemma of Gronwall (version 1)

Let(t) € C°[0, a] be a real valued function and h(t) € L,(0, a) be non-negative function with

Y(t) <a+ [ h@P@dr , a€R.
Then

Yt) <a=x el @
Generalized Lemma of Gronwall (version 2)

Let(t) € C°[0, a] be a real valued function and h(t) € L,(0, a) be non-negative function with
Y(t) < a(t) + [, h(DP()dr , a€R.
Then
t
P(t) < a(t) +j a(t)h(t)ef®O-HDqg
0
with H(t): =[] h(s)ds .

Generalized Lemma of Gronwall (version 3: log type)

Let a, § be non-negative constants. Assume that a non-negative function a(t, s) satisfies a(*,*) € C(0 <
s<t<T),a(tx) € L(0,t) forallt € ((0,T)]. Furthermore, we assume that there exists a positive
constant g, such that

sup ftt_go a(t,s)ds <1/2 .

0<t<T

If a non-negative function f € C([0,T]) satisfies

f(®) < a+ [y a(t,s)f(s)ds + B [;{1 + log(1+ f(s)}f (s)ds

forallt € [0,T]. Then we have
1+%+log(1+2a)}ezﬂt

f(t)Se{

forallt € [0,T]. Here we put y:= sup { sup a(t,s)} .

0<t<T \0ss<t—¢gg
Generalized Lemma of Gronwall (version 4)

Let a(t) and b(t) nonnegative functions in [0,4) and 0 < § < 1. Suppose a nonnegative function y(t)
satisfies the differential inequality

y'(t) + b(t) < a(t)y®() on [0,4)

y(0) = yq.
Thenfor0 <t < A

5/(1-8)
y() + [y b(D)dr < (251079 + 1)y, + 2509 [ [“a(1)dr]

Proof: solving y'(t) < a(t)y®(t) leadsto

YO <yo+ |, a(r)dr]S/(l_S) :



