
Generalized Lemmata of Gronwall 
 
 
Generalized Lemma of Gronwall (version 1) 
 
Let 𝜓(𝑡) ∈ 𝐶0[0, 𝑎] be a real valued function and ℎ(𝑡) ∈ 𝐿1(0, 𝑎) be non-negative function with 
 

𝜓(𝑡) ≤ 𝛼 + ∫ ℎ(𝜏)𝜓(𝜏)𝑑𝜏
𝑡

0
     ,    𝛼 ∈ 𝑅 . 

Then 

𝜓(𝑡) ≤ 𝛼 ∗ 𝑒∫ ℎ(𝜏)𝑑𝜏
𝑡
0  . 

 
Generalized Lemma of Gronwall (version 2) 
 
Let 𝜓(𝑡) ∈ 𝐶0[0, 𝑎] be a real valued function and ℎ(𝑡) ∈ 𝐿1(0, 𝑎) be non-negative function with 
 

𝜓(𝑡) ≤ 𝛼(𝑡) + ∫ ℎ(𝜏)𝜓(𝜏)𝑑𝜏
𝑡

0
     ,    𝛼 ∈ 𝑅 . 

Then    

𝜓(𝑡) ≤ 𝛼(𝑡) + ∫ 𝛼(𝜏)ℎ(𝜏)𝑒𝐻(𝑡)−𝐻(𝜏)𝑑𝜏
𝑡

0

 

with  𝐻(𝜏): = ∫ ℎ(𝑠)𝑑𝑠
𝜏

0
 . 

 
Generalized Lemma of Gronwall (version 3: log type) 
 
Let 𝑎, 𝛽 be non-negative constants. Assume that a non-negative function 𝑎(𝑡, 𝑠) satisfies 𝑎(∗,∗) ∈ 𝐶(0 ≤
𝑠 < 𝑡 ≤ 𝑇), 𝑎(𝑡,∗) ∈ 𝐿1(0, 𝑡) for all 𝑡 ∈ ((0, 𝑇)]. Furthermore, we assume that there exists a positive 
constant  𝜀0 such that  

𝑠𝑢𝑝
0≤𝑡≤𝑇

∫ 𝑎(𝑡, 𝑠)𝑑𝑠 ≤ 1/2
𝑡

𝑡−𝜀0
  . 

 
 If a non-negative function  𝑓 ∈ 𝐶([0, 𝑇])  satisfies 
 

𝑓(𝑡) ≤ 𝛼 + ∫ 𝑎(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 + 𝛽 ∫ {1 + 𝑙𝑜𝑔( 1 + 𝑓(𝑠))}𝑓(𝑠)𝑑𝑠
𝑡

0

𝑡

0
  

 
for all 𝑡 ∈ [0, 𝑇]. Then we have 

𝑓(𝑡) ≤ 𝑒
{1+

𝛾
𝛽
+𝑙𝑜𝑔(1+2𝛼)}𝑒2𝛽𝑡

 
 

for all 𝑡 ∈ [0, 𝑇]. Here we put   𝛾:= 𝑠𝑢𝑝
0≤𝑡≤𝑇

{ 𝑠𝑢𝑝
0≤𝑠≤𝑡−𝜀0

𝑎(𝑡, 𝑠)}  . 

 
Generalized Lemma of Gronwall (version 4) 
 
Let 𝑎(𝑡) and 𝑏(𝑡) nonnegative functions in [0, 𝐴) and 0 < 𝛿 < 1 . Suppose a nonnegative function 𝑦(𝑡) 
satisfies the differential inequality 
 

𝑦 ′(𝑡) + 𝑏(𝑡) ≤ 𝛼(𝑡)𝑦𝛿(𝑡)     on    [0, 𝐴)  
 

𝑦(0) = 𝑦0. 
Then for 0 ≤ 𝑡 < 𝐴 

𝑦(𝑡) + ∫ 𝑏(𝜏)𝑑𝜏
𝑡

0
≤ (2𝛿/(1−𝛿) + 1)𝑦0 + 2𝛿/(1−𝛿) [∫ 𝛼(𝜏)𝑑𝜏

𝑡

0
]
𝛿/(1−𝛿)

  
 
Proof: solving   𝑦 ′(𝑡) ≤ 𝛼(𝑡)𝑦𝛿(𝑡)  leads to 
 

𝑦(𝑡) ≤ 𝑦0 + [∫ 𝛼(𝜏)𝑑𝜏
𝑡

0
]
𝛿/(1−𝛿)

 . 
 


