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Abstract

The asymptotic expansions for the Kummer function obtained in the study
of the linear response of magnetised Bose plasmas at 7' = 0 K are presented
for large and small values of its parameter, thereby displaying the function’s
asymptotic non-uniformity. The large parameter expansion plays a determin-
ing role in the behaviour of these Bose systems in the :imit that the external
magnetic field B — 0. This particular expansion is generalised herein and its

validity tested by determining the asymptotic expansion for the Hurwitz zeta

function.

*Permanent address: School of Physics, University of Melbourne, Parkville, Victoria,

3052, Australia.




! 1. INTRODUCTION
Series of the form. S(a.b.x) = 32 , 2" /I'(n + 1)(a + bn). arise in the study of the linear
' response of both the charged Bose gas and the relativistic boson-anti-boson (pair boson)
plasma when these systems are immersed in an external magnetic field at T = 0 K. Hore
and Frankel, hereafter referred to as HF [1], found that the longitudinal dielectric response
function for the charged Bose system could be written as
NRE L T=0)=1+ 7':;"2’(H(x, h2k2 2m + hw, hw,)
— H(x,—h*k?/2m + hw,hw.)) (1)
where r = hk? [2mw., k1 = k2 + k2, and
H(r,a,b)=e"i—'—rt— (2)
imn!(a+ bn)
In the above w. = |e|B/mc and w, are respectively the cyclotron frequency for the charged
Bose gas in a uniform magnetic field of magnitude B and the plasma frequency while w and
k are respectively the frequency and wave number of a small oscillation of the system about
equilibrium. In a more recent paper, Witte, Kowalenko and Hines, WKH (2], found that
the longitudinal dielectric response function for the relativistic pair boson plasma at 7' =0
K in an external magnetic field assumed the following form
' MG 0. T=0)=1 +£’21(2— w)—zm,l—u/a; -2)
2q? u
- (QL:‘-%—’QMM ~v/Bi-2)) (3)

where u = —y = 2E0Q, v = —y + 2E)Q, E} = 1 + 3/2, ¢* = (hk/mc)*, y = ¢ — 2,
Q2 = he/mc?, and z = p%/2. In addition, p? = hki/eB, B = 2b® = 2¢hB/m*c? and

e .—‘\’ ~

£, is the dimensionless form of the plasma frequency, whilst the ®-functions are known as

Kummer or confluent hypergeometric functions. For those with the specific parameters in

-

Fq. 3. however, we can write
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and once again. we have a similar series to Eq. 2. Hence, although not unexpected. both
systems have a cornmon mathematical structure.

In this paper. we aim to develop the asy: ntotic expansion for the reiated series in Egs.
2 and 4 in the limii as B(3) — 0. In so doing, we shall extend a well-known theorem
in Laplace integrals to discuss the case when either b in Eq. 2 or z in Eq. 4 1s negative.
Although we shall utilise standard techniques, we shall present & new asymptotic expansion
for the above confluent kypergeometric functions, which do not appear in the standard texts
[3.4]. To establish the validity of our main result, we shall generalise it in order to develop
the asymptotic expansion of the Hurwitz zeta function, which we will then show agrees with
the asymptotic expansion obtained via Mellin transform techniques. In a future publication
our main result will be used to obtain asymptotic expansions for more complicated but,
nevertheless, related s=ries and special functions. In this publication we shall also derive
asymptotic expansions for other confluent hypergeometric functions based again on the
main result presented here.

The need to develop the asymptotic expansions mentioned above is required in order
to study the small B behaviour of the two systems at 7 = 0 K. Specifically, the small B-
asymptotic expansions are required for the evaluation of the longitudinal modes of oscillation
and the screening potentials of test particles immersed in the systems. In addition, the
transverse response functions should possess similar confluent hypergeometric functions and
thus the asymptotic expansions displayed here should be applicable to the study of the
transverse oscillations of the two systems. We should also see that as B — 0, we recover the
B = 0 results given in HF, WKH and Kowalenko, Frankel and Hines (KFH) [5], which both
HF and WKH were unable to do correctly. As a consequence, the studies of the physical
properties of both systems will follow in separate publications. As an aside, we mention
the recent work of Daicic and Frankel [6], who have shown that WKH and KFH introduced
spurious modes in their studies of the plasmon oscillations of the relativistic pair boson gas.

The task at hand in this paper, therefore, is not to consider the interesting physical

properties which these systems display but to establish the mathematical machinery for
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such studies to follow. We should mention that whilst our task does not require intricate
mathematical techniques. it is not by any means a trivial assignment. The reader should
observe that both the response functions in Eqs. 1 and 3 are highly anisotropic in form and
as a consequence. the passage to the B = 0 isotropic result must somehow transform the
exponential dependence and powers of k2 in the numerator and k? in the denominator of
the H- or ®-functions into a function dependent on the variable k2. It is. therefore. because
of the requirement to establish isotropy as B — 0, that we have been able to produce a
different asymptotic behaviour for the above confluent hypergeometric functions.

This paper is organised as follows. In Sec. 2, we develop asymptotic expansions for
la/b| > 1 for the series in Eqs. 2 and 4 by utilising the method of expanding the exponential
after we have written both series as Laplace integrals. Initially, our result will only be valid
for Rea and Reb both greater than or less than zero in Eq. 2 but by using the technique
of analytic continuation. we shall extend our result to the case where either Rea or Reb is
less than zero. We shall show that series given in Eqs. 2 and 4 is a meromorphic function
in @ and b with simple poles occurring whenever a/b is equal to a negative integer or to
zero. which is not very surprising since the series can be related to an incomplete gamma
function. We also make contact with existing literature on the asymptotic expansions of
incomplete gamma functions and show that the unwieldy expansion given for y(a,r) in
these papers can be reduced to the main result presented in this section. We conclude
the section by presenting the small B-asymptotic expansions for the longitudinal dielectric
response functions for both relativistic and non-relativistic Bose systems, which will be used
in future publications to study the physical properties of these systems. In Sec. 3 we
consider the case where |a/b| < 1, thereby revealing the non-uniformity in developing an
asymptotic expansion for S(a,b, r). However, we shall show that this asymptotic expansion
is only significant either for extremely large magnetic fields or for a very narrow region
of wavenumber space and hence, this asymptotic expansion is of very limited use when
determining the physical properties of Bose systems. In the conclusion we present a brief

summary and discuss the applicability of the main result.




1I. ASYMPTOTICS FOR LARGE a/b

As can be inferred from the introduction. in the non-relativistic case a would cerrespond
to hk?/2m + hw while b would be equal to hu,.. Therefore. as long as the denominator does
not vanish identically, we can see immediately that the ratio of a/b becomes very large in the
limit as the magnetic field goes to zero. A similar scenario can be inferred for the relativistic
system. Since our ultimate goal is to study the small B-behaviour of both systems in future
publications. we require the asymptotic expansion of the series S(a. b, r) for a/b > 1 where
b may be either positive or negative. The expansion that we present will be valid for all
values of z. which equals £k2 /2mw, for the non-relativistic system and z for the relativistic
case. By utilising this asymptotic expansion, we conclude the section by presenting the
small magnetic field expansions of the longitudinal dielectric response functions for both the
relativistic and non-relativistic charged Bose gases.

For the moment we consider the series in Eq. 2 where Rea and Reb are greater than
zero. The situation where a = 0 is singular for n = 0. If, however, we were to consider the
sum for n = 1 to oc with a = 0, then we would obtain the series for the exponential integral
Ei(z). which we need not consider here since it is studied extensively in Ref. [4]. We now
write the series in Eq. 2 in the following form

0 In

q - o ~(a+b)t
"(“'b’“’)‘n;r(wl)(awn) )3 n+1)/ dt e ' ¢

n=0

N
—

Noting that the series in n is absolutely convergent, we can interchange the order of the

summation and the integration to obtain
> —at4ze~?
S(a,b,x)z‘[) dt e”° . (6)

Our concern here is the development of an asymptotic series for S in terms of small b. We
note that for small ¢, the integrand is O(e*) whilst for large t, it is O(e™*). Hence, we can
see that the dominant contribution to the asymptotics from b occurs at { = 0.

The integral in Eq. 6 is of the form studied by Dingle in Ch. V of Ref. [7], where

F(t) = at + exp(c™) and G(t) = 1. As a result, we can use the method of expanding
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most of the exponential. whereby we retain only the linear term in F(¢) in the coriginal
exponential and expand the rest in rising powers of ¢{. In general. this methed is the least
satisfactory of the methods discussed by Dingle. However, the method comes into its own
when additional complicated factors are introduced into the integrand. Nevertheless. the
method is applicable to Eq. 6 and we find

0 . thz 63t3 bdtl
S{a.b.xr) = e'/ dt e~la+d)t (1 + ul _I + T
0

2! 3 4!
N A 1 S o -
@y~ o) )
All the integrals in Eq. 7 yield I'-functions and hence. we find directly
. e [ b b’ bt 3r2b*
S(a.b.x) ~ 1 — + +
a+b.r\ (a+bx)> (a+br)® (a+bx)®  (a+br)
b 10r%5° b 6 .
B (a + bx)® B (a+b1)5+0((a+b.t )) ’ (3)

In Appendix A we describe the methodology for determining the coefficients of the higher
order terms for this asvmptotic series. Since the method employed to obtain the ahove
expansion only requires that a/b > 0 and thus is not restricted by the value of r. save
that it is positive, we siress again that z does not need to be fixed. For the Bose systems
mentioned in the introduction, this means that as the magnetic field goes to zero. k2 can
also go to zero mnch faster than B and Eq. 8 will still be valid.

We should add at this stage that it is possible to generalise the above result to the
sitnation where the factor in the denominator is (@ + bn)® and to even more general cases.
In applying his special technique for handling integrals, Ramanujan [8] also developed the
asvmptotic expansion for (a+ bn)’-case. and as expected, his result for s = 1 agrees with our
.. 8. However. he did not examine the case where a/b < 0, which we require to evaluate
the physical properties of the Buse systems mentioned earlier. In Appendix B we show how
to extend the above analysis to the series considered by Ramanujan and as a consequence.
develop the asymptotic expansion of this series for large a/b.

We can sec immediately that the above asymptotic series is only valid for ¢/b > 1. If we

put @ = 0 into the series of Eq. 5. then the series is divergent whereas no such singularity
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arises wk>n 2 = 0 in Eq. 3. Hence. ¢ :r asymptotic series is non-uniformly valid for different
values of a/b. In the next section we shall derive the asymptotic expansion for the case where
a/b < 1. As we shall sec. this expansion will only become of use in Bose plasmas when the
magnetic field is extremely large which is not the concern of this paper. Furthermore. we
should mention that the series expansion in Eq. 3 could also be used in studying magnetised
Bose plasmas but because it is only valid in an extremely small region of wavenumber-space.
6. gL < 1 and |q.| < |q.] for small magnetic fields, it is of limited value when evaluating
the physical properties of weakly-magnetised Bose systems. It is, however. useful when
evaluating the physical properties of Bose systems in the strong field limit.

Although Eq. 8 has been determined for complex a and b with both Rea and Reb > 0.we
can extend the method to the case where one of @ and b is real and not necessarily positive
and the other is imaginary. For the case of a real and positive and b imaginary, the serics
given in Eq. 5 can also be written in the form of Eq. 6 and hence the result given by Eq.
8 once again holds except that b is now complex. For the case of a real and negative and b
imaginary. all that is required is to take a factor of —1 from the denominator and then to

apply the same method used to derive Eq. 8. When this is done, we get

—eT xb* h
S(a.b, x) ~ ——
b~ T N e T la—wp T
bt 3zt
- 9
Tal =607 T (el =ty b )

which is identical to Eq. 8. The cases of b real and positive with a imaginary and b real and
negative with a imaginary will be covered by the following extension of Eq. 8 into complex
plane.

Before we can go any further, we need to consider the case where the real part of either
a or b is negative for S(a,b, r). To examine this case we need to extend Thm. 1 on p. 383
of Ref. [9]. For the sake of simplicity we shall consider ¢e=*S(a, b, x), which is the expression
that appears in the response theory of the Bose systems described in the introduction. Then

for the case of either Rea and Reb > 0 or Rea and Reb < 0, we can write

-1}
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¢ “S{u.b.ry = b_l/ dt e(mtFitrs(e™ Iz 14e) {10}
0

where a; = a/b. Our aim is now to seek the analytic continuation of the Laplace integral in
Eq. 10 to negative real values of a;. i.e where |arg{a; + z)| > /2.
e-'—l+t)_

To apply the theorem given on p. 383 of Nikiforov and Uvarov [9]. let f(t) = ¢!

Fort — 0.
f(t) =1+ 2t2/2 — o3 + st /4 + 228 + ... (11)

but for t — 2. f(t) ~ €. The theorem states explicitly that f(¢) must be O(t°) as t — ~c.
where .3 is a constant. However, we shall see that the extra factor of exp(—rt) in Eq. 10
will counter the exponential growth of f(¢). So. if we put a; = re*. then the integral in Lq.

10 becomes

I =/0°° dt ") (12)

and to ensure that it is always analytic, (6| < 7/2. provided £ > 0. Otherwise, the integral
will only be analytic for cos ¢ > |x|/r.

Now consider I as a complex integral, i.e.
= jdt el f(p) (13)
Following Nikiforov and Uvarov, we evaluate Eq. 13 along the ray given by t = pe®. so that
ke i (14
1(0) = e"/ dp exp(10 — a;pe’” + xe™* ) . (14
0

Fq. 14 is analytic for |arg(ae®®)] = |¢ + 0] < 7/2 and for Reajpe® > 167" as p —
. The latter condition is satisfied by |arg #| < 7/2. To prove that I(8) is the analytic
continuation of I, we must show that the two forms are equal along the ray ¢ = —0/2. This
1s done by letting the contour (' in Eq. 13 consist of the line from the origin along the real
axis. a semi-circular arc rotated by an angle # and the line from infinity to the origin with

arg! = 0 . Then by ('auchy’s theorem, we obtain
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I+ 1,..=1(0) . (15)
where 0 = —8/2 for I and I(8) and the contribution along the arc is given by
Lo = lim e~ / " d3iRexp(i3 — rReVOD 4 e~ Ry (16)
—C 0

Since 3 € [0.8].|3—6/2] < |6/2] < = /2. Thus, cos(3—6/2) > cos8/2 > 0. As a consequence.
L. tends to zero as R — oc. and hence, [ = [(0) for 6 = —6/2.

We note that f(?) is analytic in the region |argt] < =. Since jo + 8] < = /2 for 1(8). 1(0)
is the analytic continuation of / into the region —7 < 0 < x. Thus, we can expand f(pc'?)

as follows

f(pe®®) = 14 2p%e™® /2! — o230 + .. . (17)
Hence. 1(0) becomes
10) ( 1 rT(3)e™  aT(@)e xr(5)e4‘“’ |
(a+ 1)e * 2l(a+ 17)363" 3(a +1)%e¥®  4'(a + 1)%e5¢
O 0+ 1) (18)

which vields the same result as Eq. 8 with a; = a/band b= 1 for 9| < 7.

To show that Eq. 8 is also valid for ¢ = 7 except when a/b is a negative integer. we
need firstly to prove that S(a, b,z) or 5-'S(ay, 1,z) can be analytically continued into the
negative real half of the complex plane. This can be done by integrating Eq. 6 by parts to

establish
(c/b-1)S(c/b—1,1,2) = € ~ b 'cxS(c/b,1,7) . (19)

As a consequence of Eq. 19, we can analytically continue S(c/b,1,z) into the negative
real half of the complex plane whereupon we notice that simple poles occur at the origin
and for negative integers. Since S(c/b,1,r) is defined for all values in the complex plane
except at the origin and for negative integers, it is, therefore, continunous for all points along

the negative real axis except for negative integers and the origin. Thus, the asymptotic
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expansion given by Eq. 8 must be valid for values along the negative real axis except for
negative integers and the origin. or else S{c/b.1.r) would be discontinuous. which would
contradict our earlier remarks about the continuity of Eq. 19. It should also be mentioned
that for a/b < 0 Eq. 8 must have a removable singularity when r = |a/}] since the series
representation for S(a.b.r) given in Eq. 5 is alwavs defined provided a/b is not equal to a
negative integer.

At this point we should mention that S(a.b.r) can also be expressed in terms of the
incomplete gamma function by making the substitution y = —r exp(—b5t) so that 5(a.b.r) =
h='r=*/*exp(—iwa/b)7(a/b. re'™). As a consequence, we now turn our attention to the work
of Temme. who has evaluated asymptotic expansions for the incomplete gamma functions
in Refs. [10] to [12] by using the method of steepest descent. Temme [12] gives the following

asvmptotic expansion for 5(a.r). valid only for ¢ — o

1
1(a.z) = 5 erfe(—nv/aj2) — Ra(n) . (20)

where erfe(z) is the complementary error function, the real parameter /2 = X\ — 1 — In\.
A =r/aand

—-an?f2

Ri(n) = mg}mn)«r" : (21)

The coefficient Cy(7) equals 1/(A— 1) = 1/5 while the other coefficients are obtained via the

following recursion relation

d n '
' - ) )2
’]Cﬂ(']) d”Cﬂ~l(n)+ -1 Tno » (-")

where the numbers 4, are related to 4,, which appear in the asymptotic expansion of the
gamma function. The 4, are given by
[a)= V2ra*~ 20 Z‘y,, a" . (23)
n=0
Thus *,,’1 = (=1)"y, and using No. 8.327 from Gradshteyn and Ryzhik [13]. we find that the

first few 4, are 5 = 1. 4y = ~1/12. 4, = 1/288 and 7, = 139/51840.

10
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We should make the following remark concerning the above result. It has been deter-
mined by taking the limit as @ — > of an integral representation for the incomplete gamma
function given in Dingle’s book [7j. The complementary error function arises after tak-
ing the path of steepest descent. Therefore. to be consistent. Temme should express the
complementary error function in terms of its large a-asymptotic expansion.

\\e now show that although Temme’s result is extremely unwieldy. it can be simplified
to vield our result for S(a.b.r). First we note that Temme's a corresponds to a/b in our
result. so that A above corresponds to our bre™*/a. Then we note that the C, in Temme's

result consist of a term dependent only on powers of 5!

and a term dependent only on
- owers of (A — 1)~'. If we isolate the ~} term of C,(7) and denote it by C. (7). then by

using Temme’s recursion relation we find that

Calm) = (=1)"*'(2n — 1)1/ (24)
where n > 1. Hence.
R e—ﬂn’ﬂ 1 - (2 " 2\-n
a(n) = —n\"?rj( +,.2=:1(— ) (2n — D! (an®)™") =
(1/2) er fe(—m/a/2). (25)

where we have utilised No. 7.1.23 from Abramowitz and Stegun [4]. Hence, the 5~! part
of Temme’s (', cancels the complementary error function and we are left with a result that
depends only on inverse powers of A — 1 or dxre'”/a — 1 in our terms.

Since the 7! terms occurring in all C, can be removed. the recursion relation reduces

to

i A d =i (—1)
C'n(n)=§)(m ) ’(‘—A_ll"—’) : (26)

Now by substituting a by a/b and A by bre'™ /a in Ternme's result, we find that

r(%) (%)1/6-#1/2(!6”)“/}:

vafb.re'™) = ~T(a/b)Rap(n) = V25 (a T h0) x
a et i Con)a/b)y~" . (27)

n=0

11
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where the (', are now given by Eq. 26. If we introduce the large a;b-expansion for the
gamma function into Eq. 27 and use the relationship between ~(a/b. re') and Nta.b. r)

given above. then we find that according to Temme

—et & x 2 A dyneg(-1
Sa.b.r) = —5—2_:0-.-4«/6)'" Z_:o(a/b)"‘ g(mﬁ) ( \_)Jl") (23)
n=i n= ]—

Thus we need to shcw that the product of the sums yields the result given by Eq. 3. After

evaluation of some of the terms in the second sum in Eq. 23. S(a.b. r) becomes

354 r? Pr_
(a+br)®  (a+brp

Nta.b.r) = ( :_Ib-r)(z: tn(afb)™" [1 + (a f..-;-r)z +

l'-)bb l(lb’ 2 + b‘.l’ il b"l bz‘;-z + bJI':'l
{a +bry* (a+ b.r)‘ {a+ b.r)‘ a®  a(a+ br)?
b‘.l";l Ibs -}b) B b‘.l"';z 63‘}3

+ ... (2

[om——

ala + br)3 - {a+ bry’ +a(a+ br)yd * a%*(a + br)? a3

It can be clearly seen that our main result given by Eq. 8 appears in Temme’s expansion
directly above but there are also additional terms. not appearing in our result. We must.
therefore. show that these additional terms cancel one another. The terms in Eq. 29. which
appear in our Eq. 3. all come from the part of C, related to (. That is Eq. 3 can he

written as

—ae™” S'(a.b..r):fg;)(%)—n(’\il %)nk—l—l ; (30

Hence. to show that the remaining terms in Temme’s expansion cancel. we need to prove

that

YT GG AR e ) - o

=1} n=0 =0 n=0

By isolating powers of b/a it can be shown that the above holds for small powers and thus

by induction. it can be shown that the above statement is equivalent to proving

n
Z(—l)n—m.lm‘ln-m =0 . {32)
m=0
Eq. 32 can be shown quite easily for odd values of n and holds for n = 2 and n = 1 using

the values of =, given by No. 6.1.37 in Abramowitz and Stegun {1]. Higher valiues of +, are

12
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difficult to evaluate as demonstrated on p. 414 of Morse and Feshbach [14], so we shall use

the following result to prove Eq. 32 for large a/b

M(a/b)™ = 5o <(3) ™" 502\ (3 (33)

Multiplying Eq. 33 by Eq. 23 with a set equal to a/b we get

O - o0 -
(2 »(G) )E ma(3) ) =1 (34)
Since 92 = 1, we see that all powers of (a/b)™™ must vanish and thus we finally arrive at
Eq. 32.

We should add that if the additional terms appearing in Temme’s expansion, as given
by Eq. 29, did not cancel, and that since a is equal to +£h*k?/2m + hw for the magnetised
charged Bose and a/b equals —y * 2Eo) for its relativistic analogue, then S(a, b, ) would
become anisotropic, which, in turn, would defeat the aim of this paper as we have outlined
in the introduction. In addition, in Appendix B we have shown how to generalise S(a, b, z)
to the series S,(a, b, ) considered by Ramanujan [8]. We could take Temme’s expansion
above and obtain the equivalent of S,(a,b, z). If the additional terms remain, then Temme'’s
exparsion would not yield Ramanujan’s result and furthermore, we would not recover the
asymptotic expansion for the Hurwitz zeta function, which we have done in Appendix C by
using the Ramanujan generalisation of our Eq. 8.

In Appendix A we have presented the methodology for determining the coefficients cj
in the asymptotic expansion given by Eq. 8. Denoting c} as the coefficient of r7b* in ihe
accompanying table, we can use our analysis of Temme’s expansion to arrive at the foilowing
interesting identity

A d 1 d Eal(G+k+ 1N i
(A Iﬁ) Z ] — )kt ’ (35)

—_ ot

In Appendix C we have shown that combinations of CL are related to the Bernoulli numbers.

Hence, utilising the above and Eq. 73, we find that

(A—1)2"~‘1(__A Ll)"‘ L aze  Bu

o1 YIT Y T+ (36)
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The analysis presented in this section shows that the asymptotic expansion of S(a.b, r) or
b='S(a,.1.r) given by Eq. 8 is valid for all complex values of a and b provided ay ¢ Z~U{0}.
For a; = —k. where k = 0.1,2,..., S(e,1,7) has a simple pole with residue rk/F(k +1).
These poles, however, do not arise when evaluating the response functions given by Egs. 1
and 3 because the introduction of a Landau infinitesimal in the denominators to ensure that
fluctuations vanish as t — —oc means that only the principal values of the integrals leading
to Egs. 1 and 3 need be considered.

To conclude this section we now give the small B-expansions for both response functions
using Eq. 8. For the non-relativistic case, consider H(z, hw — h%k%/2m, —hw,) with z given
immediately after Eq. 1. For the situation where *k?/2m > hw, we can factor out the

minus sign and then use Eq. 8 directly. For A%k?/2m < hw, the H-function becomes

H (z.hw — B2k 2m, —hw.) = —(hw.)™"€"S ((R*k2/2m —wiw ' 1,2) (37)

where S is now given by Eq. 18 and w cannot equal £ik?/2m. Then we can use Eq. 18 to

obtain the asymptotic expansions for the H-functions, which will ultimately yield the result

given by Eq. 8. Hence, we find

1 kiw
H (2, hw — R2K2/2 —hc~—[ o
(oo = WR2f2m, ~hese) ~ |G =3 ¥ e 2 = P

—_— 3 H
2m(hk?/2m — w) + 4m?(hk?[2m — w)3 + Ofw; )l ) (38)

where we have ordered the H-function in powers of w. since we are interested in the small
field behaviour. For H(z,hw+#*k?/2m,—hw,) one obtains the same results except that —w
is replaced by w and there is no minus sign outside of the corresponding square-bracketed
expression.  Combining the expansions, we get the following results for the longitudinal

dielectric response function

- w? (1 Rk w (R2E + 12mPuw?)
(RZk /4m? — w?) 8m3(R2 k4 /4m? — w?)?
k2w (RE8 [ 16m* + 3R% kAW /m? + )
B k2 (h2kA[4m? — W2)?
+ 3hk2 WA ROK0/32m5 + 5R% kA3 2m? + W)
2mk?(h?kA [4m? ~ W24

eNR(k,w,T = 0) ~

+ O(w?)) . (39)
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Finally. using our asymptotic results for S(a, b, r) we can give the asymptotic expansions

for the specific confluent hypergeometric functions appearing in the longitudinal dielectric

response function for the relativistic pair boson plasma given by Eq. 3. Utilising Eq. 4. we

can write
I z < z
‘1 =)=z -ZS ,1,2 ~ (1 - k
Pt tm=z)=eeSe )~ o M Ty " v ep T e
N 322 +0((x+’)’5)) (40)
(z+2)1 ) .

As a consequence, we can utilise the above result to produce a small B(3)-expansion for
the longitudinal dielectric response function for the relativistic pair boson system, which is

given by

XA + 2k ﬂqi(x(A3 + 3x2A) + 2% (k% + 3A7))
A2 _ 2 + (A2 — x2)?
B B82¢2 (x(A* + 6k2A% + k%) + 8k2A(A? + k?))
(A7 x2)d
+ 358%¢1 (x(A® + 10A3k2 + 5AKY) + 5x2(x* + 2x2k?)) 40
(A? — r2)5

R, = m Qg
P07 =0)~1+—2-[1+
g

8 (41)

where A = ¢? — 0?2 k = 2E,Q and x = Q% + 4E2. Noting that E2 = 1 + 3/2, we see that
the relativistic result given by Eq. 41 possesses considerably more intricate magnetic field
behaviour than the non-relativistic longitudinal dielectric response function given by Eq. 38
since both the numerators and denominators of all the terms in the foriner possess a more
complex dependence on the magnetic field, especially when 2 # 0.

In future publications, we shall utilise the results presented in this section to study the
modes and screening potentials of both systems for small/weak magnetic fields in addition
to developing expressicns for the transverse dielectric response functions of both systems for
electromagnetic propagation paralle]l and perpendicular to the magnetic field. Using these
results we shall derive the dispersion relationships for the transverse modes supported by
both systems. We should also mention that Bardos et al. [15] have utilised the asymptotic
expansions presented here in their study of the dielectric response of a planar Bose plasma

in the presence of a constant external magnetic field.
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III. ASYMPTOTICS FOR SMALL a/b

In this section we demonstrate the non-uniformity of the asymptotic expansion for
S(a. b..r) by considering the small a/blimit which, in turn, corresponds to the large magnetic
field limit (B — oc) for the Bose systems mentioned in the introduction. The expression
that we derive here will once again be valid for all values of x. However, for small values of
r the expansion will not be much better than the original series for S(a,b, ) and hence. we
shall concentrate on large values of : after we derive the general expansion.

As mentioned previously for very small values of a/b, S(a, b, r) becomes singular, which
is not reflected in the asymptotic expansion given by Eq. 8 since the method of expanding
most of the exponential was only valid for a/b not equal to zero. Insight into the nature of
the singularity can be obtained by putting b equal to a positive real number and « equal to
an imaginary number. Then the series S(a, b, ) can be expressed as a Fourier transform of
which a part can be identified as the Fourier transform of the step-function. This, in turn,
vields a delta function. The remaining part yields our expansion given by Eq. 8 for the new
values of a and &. Since the delta function concerns only the point a/b = 0, we may infer
that the asymptotic expansion given by Eq. 8 may be valid for not so large values of a/b.
In fact, Temme [12] has found that his version of the asymptotic expansion for S(a,b, x) is
accurate to four figures for a/b = 2. It is, therefore, expected that our asymptotic expansion
for S(a,b,x) given in the previous section will become inaccurate only for very small values
of a/b.

We shall begin our study of the small a/b case by considering the more general series
Ss(a. b, r) as defined in Appendix B but will find that the intractability of the problem will
force us to consider integer values of s only. By putting s = 1, we shall then be able to
determine the asymptotic expansion for the Bose systems mentioned in the introduction.

For a/b <« 1, we may write S,(a, b, ) as

20 'l.n

. 1
Sy(a.b,r) = —+ m

a-’

1 Fo(si;—a/nb) . (42)

n=1|

Utilising the series expansion for hypergeometric functions, we can rewrite Eq. 42 as

16
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Sy(a.b.r)= — — / dt et e L (43
i Zz:o( b) s+mi(m+1) Jo e explxe™) (43)

where we have used the integral representation of the gamma function and have integrated

t

by parts. Making the substitution y = re™" in Eq. 43, we get

R - S T W S
Suabr) = =+ s Eo(s+m)r(m+l)/ody 1™ (z/y) ¥ . (44)

The integral in Eq. 44 is intractable for real values of s except for positive integer values.
For s equal to a positive integer the integral can be evaluated by integrating by parts and
follows from the case of putting s = 1 and evaluating for all values of m. Hence, we need
only consider the s = 1 case.

For s = 1 and m = 0 the integral in Eq. 44 can be evaluated exactly to yield
/ dy In(z/y) & = Ei(z)-C —lnz | (43)
0

where Ei(x) is the exponential integral function and C is Euler’s constant. For other integer

values of s + m. we note that

/r dy In**™(zfy) &% = (—1)"+™z ¢
0
as+m

aas-{»m

as+m l a —Irs
pyr /0 ds (1 -s)%e -

; (46)

(_1)s+m+l (—:L')_a ‘7(0+1,—.’L‘)

o=0
where we have utilised No. 2.3.5.2 from Prudnikov et al [16]. Thus, if we put s = k, where

kis a positive integer, then Eq. 44 can be rewritten as

) 1 -1 k+1 o hm 6k+m
.)'k(a,b,x)z J'*'( ) (a/ )

T & (FT )T 1) Bakem ("8 "2l@tl=a)| o (47)

Although one can introduce the small z-series expansion for 4(a,z) into the above, the
result would not be more useful than our original series for S,(a,b,z). Hence, we need
only concentrate on the large z-expansion for Eq. 47. The asymptotic expansion for the
incomplete gamma function given on p. 31 of Dingle’s book (7] has to be modified according
to the prescription given in Sec. 1.3 of the same reference since a Stokes discontinuity occurs

at phr = 7. Hence, the expansion we will use is

17




-

(48)

Thus for & =1 and m = 0. we obtain

9 > (1 1)!
- a +1,- -1 —C+é€ s 19
Gt H) et L) = mme—Cre R0 (19)

which is just the large r-asymptotic expansion of Eq. 45. For k =1 and m = 1, we get

72

— (1) 7(a + 1, —1x)

507 =In?z+4+2CInz -2((2)+ C* -
a

a=0
0 -1\t
Z' Lm0 (50)
=2

while for k = 1 and m = 2, we get

33
‘d—, (-2) " y(a+1,-z)| =-Inz-3CIn*z+3r%lnz ~3C%Inz -2¢(3) +
do? a=0
320 — 03 - 30¢(2) + 3¢ 3 L (g 3 -v4) . (51)
2
1= T =17

In the above equations ¥(z) represents the digamma function and {(z) is the Riemann zeta
function.
If we introduce Eqs. 49 to 51 into Eq. 47, then we obtain the following small a/b-

expansion

S(a.b,x) ( f:

[ - I)! a2
— (P +0)) + 5

ln:c—C+—(ln r4+2CIhhz-7%/3+C* -

(— Iz -3CIn*z+37% Inz —3C*Inx - 2((3) +
0 -1 1 a3 _
373C — C* - 3C¢(2) g ( +C)’—j§]—,5)) +O(§)) . (52)
The divergences due to the late terms for the series in inverse powers of x in the above
equation can be removed by applying Dingle’s theory of terminants [7] in a similar manner
as carried out in Appendix A.

For very large r. which corresponds either to the small field limit or very large values of

the perpendicular wavenumber for magnetised Bose systems, Eq. 52 can be written as
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Sla.b.ryxa ' +(e5/b)(1/r+1/r2+2/3+ ...) = (ae”/b*) (1) +

3224+ )+ (@2 P+ ) + (53)

where the a~!-term may be dropped if a is not too small. If we were to carry out a large
r-expansion of Eq. 8, then we would find that the ensuing result would agree with the large -
expansion given above. Hence, we can see that the asymptotic expansion for ®(1, 1+a/b: —x)
becomes uniform when z is very large irrespective of the value of a/b. In addition, since
S{a.b.r) = a '®(a/b,a/b+ 1;x), we can see that the above expansion corresponds to the
dominant contribution of the complete asymptotic expansion given on p. 60 of Slater [3] or
as No. 13.5.1 in Abramowitz and Stegun [4]. For very small values of z, which corresponds
to the strorg field limit or to small values of the perpendicular wavenumber of magnetised
Bose systems, the series expansion given in Eq. 5 is sufficient but as x increases, a cross-
over into the non-uniform region eventually occurs where depending on the size of a/b, the
asymptotic expansion for ®(1,1 + a/b; —x) is determined either by Eq. 8 or Eq. 52.

In this section we have been primarily concerned with displaying the important mathe-
matical property of non-uniformity in the asymptotic expansion for S(a,b, z). In so doing,
we arrived at the hitherto unknown expansion for small a/b given by Eq. 52. We will require
this new expansion for our future studies of the screening potentials and modes of oscillation

of the Bose plasmas in a very strong magnetic field.

IV. CONCLUSION

In this paper we have derived asymptotic expansions for the specific confluent hypergeo-
metric function, ®(1,1+a/b; —z), encountered in the study of the dielectric response of hoth
relativistic and non-relativistic charged Bose plasmas in an external magnetic field. This
function, which can be expressed alternatively in terms of an incomplete gamma function,
also arises in the study of the dielectric response of fermion systems. We were able to derive
expansions for both large and small vaiues of the parameter a/b, thereby displaying the

function’s asymptotic non-uniformity. For large a/b the asymptotic expansion was derived
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by first expressing the generic series. S(a,b. r) given by Eq. 5. as a Laplace integral under
the condition that the real parts of the parameters a and b were positive. Then we utilised
the method of expanding most of the exponential as described in Dingle {7] to obtain the
small b-asvmptotic expansion given by Eq. 8. By analytical continuation, we were able to
show that this expansion was valid when the real part of oze of the parameters was negative.
The expansion, however, is not valid when the ratio of the parameters is equal to a nega-
tive integer or zero, where there are simple poles. The expansion also breaks down when
a = —bx, which corresponds to a turning point for this confluent hypergeometric function.

As a consequence of Eq. 8, we were able to give the small magnetic field expansions
for the longitudinal dielectric response of both charged Bose systems mentioned above.
The non-relativistic and relativistic versions appear respectively as Egs. 39 and 41. the
latter displaving considerably more intricate magnetic field behaviour. We shall study the
physical properties such as the screening potential and modes of oscillation for both systems
separately in the future. In addition, the transverse response functions for both systems
will also be shown to be dependent on the same confluent hypergeometric functions after
we evaluate them by using the gauge invariant approach adopted by WKH to evaluate
the polarisation tensor for the relativistic boson pair plasma. By presenting asymptotic
expansions for all response functions, we shall be able to observe the transition to the free-
field behaviour of these systems in the limit ¢s the magnetic field tends to zero. We should
also mention that the series studied in this paper arises when studying the linear response
of charged and neutral semions as discussed in the recent work of Chakravarty [17]. Hence,
the results presented here should be relevant to these systems, and what is more, to studies

of all quantum plasmas regardless of the statistics.
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VI. APPENDIX A

In this appendix we describe the methodology for determining the higher order terms in
the asymptotic expansion given by Eq. 8. To do so, we need to return to Eq. 6 and write
it in the following form

S(a.b,z) = € / dt e+t T[ exp((—bt)*z/k!) . (54)
o k=2
To develop the asymptotic series given by Eq. (8), we utilised the method of expanding the
product term in Eq. 54 into a power series so that S{a, b, z) could be expressed as
S(a,b,x)zexp(z)ch Ii(a,b,z) (55)
=0
where the ¢ are not to be confused with the C, of Temme and the integrals I;(a,b, ) are

given by

Tk +1)

_ fad k _—=(a+bz)t _
Ik(ayqu)—’/‘; dt t* e (at )t—m

(56)

In developing a methodology for determining the coefficients of higher order terms in
S(a.b,x) we need to be able to produce a power series in ¢ from the product in Eq. 54.
Since each exponential in this product can be expressed as a power series, we shall refer to
each exponential with t* in it as a k-series. For example, exp(zb*t?/2!) will referred to as a
2-series while exp(—z5°t°/9!) will be referred to as a 9-series.

We begin our study of the coefficients by examining the terms in the product of kq.

54 that contribute to [z, I3 and/4. These are very simple since only the 2-series produces
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a power of t? and the 3-series produces a power of £*. On the other hand. the power of
t* is produced by contribu‘ions from the J-series and from the 2-series. We can represent
these contributions by using tree diagrams as shown in Fig. 1. The leftmost number in
these diagrams represents the power of t¥ in /i(a.b.r). For the case of t? we see that the
tree diagram terminates at the ordered pair (0.2). Whenever zero appears in an ordered
pair such as in (0. k). it will mean that the contributions along a particular path of the tree
have terminated. Thus. (0.%) means that the contribution to I, has terminated with a
contribution from the k-series where k < k;. For I4(a, b, r) we see that there are two paths
in our diagram. one terminating at (0,4), i.e. a contribution from the 4- series and the other
going through (2,2) and ultimately terminating at (0.2). Whenever a number other than
zero appears as the left element in an ordered pair such as (2.2), it will not only mean that
more contributions exist to produce the required power in Ix(a,b.r) but that the problem
has reduced to one of finding all the contributions to the right element of the ordered pair.
That is in the case of (2.2) we not only have a contribution from the 2-series but also must
find all the contributions yielding ¢2. Thus we continue the path till it ends at (0.2) since
only the 2-series can contribute to [(a,b.x). Hence. the coefficient of I4(a.b..r) consists
of two paths, one coming from the 4-series and the other coming from the second order
term of the 2-series. Whenever there is more than one contribution from a particular series
such as the two contributions from the 2-series for /4(a, b, 1), we evaluate the contribution
to the coefficient from this path by taking the power of the first order contribution of the
series to the number of times the series appears in the path divided by the factorial of this
number. Hence the contribution to the coefficient coming from the second path for I4(a. b. r)
is (r(—b)%/2!)2/2! while that from the first path yields (z(—5)%/4!.

We can see the recursive nature of the coefficients by considering higher order contribu-
tions in our asymptotic expansion for S(a,b. ). The coefficient for I5(a,b, z} is determined
from two paths, one coming from (0, 5) directly and the other consisting of a path with (2.3)
and (0.3). Recursion is visible whenever we consider paths not terminating immediately.

e.g. the path with (2.3) for I5(a.b.r). In such cases all we need to do is to introduce the
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tree diagram for the right element to complete the tree diagram. For example, to complete

the diagram for the coefficient of Is{a.b.r) we introduce the tree diagram for & = 3 along

the path with (2.3). Thus the coefficient of I5(a.b.r) is given by

(=b)’r  (=b)*r (—b)’r
=5 Y 3

cs(br)

(57)

e are now In a position to describe the construction of the tree diagrams for the
higher order coefficients of our asvmptotic expansion for S{a.b.r). \We shall consider the
contruction of the tree diagram for k = 7. The first step is to consider all the ordered pairs
{(i.7) where: < j and 1+ = 7 excluding the pair with: = 1. Then along the path containing
(2.3) we place the tree diagram for k = 5 while we place the tree diagram for k = 1 along
the path containing (3.4) as in Fig. 2. One problem. however. arises: duplication of paths
occurs. For example, the path with (2.5), (2,3) and (0.3) vields the same contribution to
the coefficient for I (a.b. 1) as the path with (3,4), (2,2) and (0.2). In such cases we simply
disregard the second path since all paths in the final tree diagram should vield a distinct
contribution to each coefficient.

As a consequence of the above. we present the values for the coefficients in Fq. 55 up
to ¢y in the table. Higher order coefficients are perhaps better evaluated by constructing a
computer code based on the above algorithm either in Pascal. C or some other language with
pointers. As can be seen. the coefficients are essentially polynomials in r, whose coefficients
hecome more complicated as k increases. This makes the evaluation of the remainder in the
asymptotic expansion given by Eq. 55 a difficult exercise except in the limits of r « | and
r>» L For r « | we find that ¢; = (—b)*z/k! while for r > 1. i = (Th)*/2Xk! and
Coipr = —(rH?/2)5 12833k — 1)\

For r < | we can estimate the remainder of the asymptotic expansion for kq. 55 by

writing it as

N-1
' o, Ck r(k+ l)
Sta.b.r)=¢" 3 (a + br)e+1

k=0

+ Ry (5%)

where the remainder. Ry, is approximately given by
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Ry = reé’ Z - = | =oF re . {993

Sia+ b+t ja+ briVia+ b+ 1))
I'he- above result car be expanded further since r < 1 and a > br. Hence. we find that

—1 N b.\'
Rz i (60)

For the case where r » 1 we can use Dingle’s theory of terminants [7] to evaluate the
remainder. In utilising this theory we shall assume that .V is an even integer. le..ving it to

the reader to consider odd integer values. Then the remainder becomes

x b k 2k +1n br'(2k +2)
Ry = Z( 2a + b;)z) (l‘(k +1)(a+br) 3a+ b:)’l‘(k)) (61)
Using the duphcauon formula for the gamma function. we can write Eq. 61 as
x -)b
f2p X k ) - —— k+3/2):F 2
Rx=2p I(I)(Z:,” +1/2)* - 3 +Ma_gr( +3/2)=F) . (62)
where = = 2rb'/(e + br)? and f(r) = ¢*//%(a + br). By using the technique of Borel
sitmmation Eq. 62 becomes
2b
s =P —((1=p—= ")z 2
Ry = 0|2 1tp = 1/2) = s (1 - p = H= o+ 1/2) 4+
(2 =312 I(p = 1/2)] (63)

where the integral I{p— 1/2) = [(p+ 1/2)\,_1;2(—="") and the terminant \,(—r) is given
by

- 1 x et
A(=r) = .r(s-i- 1) P/o dt 1-t/x (64)

The fact that the remainder term involves a principal value integral is an indication that
the real axis for complex values of r. i.e. ph r = 0. is a Stokes line. Thus if we move above
or below the real axis. then the asymptotic expansion for %{a.b.r) will change as a result
of the Stokes phenomenon.

Dingle shows that the above integral can be expressed in terms of the incomplete gamma
function on p -t14 of his book [7]. He also provides asymptotic expansions as well as tables of
values for X,(—r). Hence, by terminating the asymptotic expansion at a particular p-valhie
for known valiies of a. b and r. one can obtain an estimate of the remainde- by using Le.

63 which will be gquite aceurate for large values of p and .
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VII. APPENDIX B

In this appendix we develop the large a/b-asymptotic expansion for the series considered
by Ramanujan [8], which is a generalisation of the series, S(a, b, x), and is given by

o0 n

Se(a,b,r) = Z

, (63)

where Rea, Reb and Res are initially all greater than zero. To evaluate the asymptotic

expansion for a/b > 1, we utilise the following result
s __ L * s-1_—(a+bn)t
(a+bn)* = F(s)/o dt t*1e . (66)
Introducing Eq. 66 into Eq. 65, we find that
S.(a,b,z) =T(s)™! /oo dt t*7 exp(—at + xe”®) . (67)
()

We can use the method of expanding the exponential once more to obtain a similar result

to Eq. 7 except that now every power of t is now multiplied by by t°~1. Hence, we finally

get
, e & ollk+s) e* b (s + 2)
Sla.0,2) = 15 :4;0 (a +b2)** _ (a+ bz)'T(s) (Ps) + T(3)(a + bz)?
zb°T(s + 3) tbiT(s + 4) o2 (s +4) b s 68
I'4)(a +bx)®  T(5)(a+bx)*  T(3)3(a+ bx)? Ve F b:r) )) ' (68)

where the ¢, are the same as those in Appendix A. By a similar argument to that presented
in Sec. 2, the above result is valid for all complex values of a and b except those where a/b

equals a negative integer or zero. As expected, Eq. 68 reduces to Eq. 8 when s = 1.

VIII. APPENDIX C

To demonstrate the validity of our main result given by Eq. 8 and its more general
counterpart given in Appendix B, we shall use the latter to develop a large ¢-asymptotic

expansion for the Hurwitz zeta function, ((z,q), which we write as
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tn
dt ety = dt €7'S.(l.¢7'. 1) . ¢
/ te 1+n/q) F(n+1 v / ¢ 1.9 ) (69)

where Re = > 1. Introducing Eq. 68 into Eq. 69 yields

DU S Bt z [(z + 3)q~=+¥
==t ey T o )(r(4) - r(3)2) T T T(z)
Iz »sr@  r4 1 —(245) 7
(F(6) 60(5) © 2I'(5) 16) + 0 {0)

More generally, if we let ¢} denote the coefficient of zb* in the table, then the above result
can be represented as

1-2 -2

q q 0 Z + 2%k + 1) 2k+1 . _
9 Z gkt Z (‘{7:;!&3 F(J +2k+4) . (71)
k=0 =0

¢(z,9) =

N

In their study of the statistical mechanics of the relativistic boson pai1 plasma in a magnetic
field Daicic et al [18] have evaluated the large z-expansion of the Hurwitz zeta function by

using Mellin transform techniques. They found

R i [(z+2k+1) Baky2  _y_,_2k

C(z,q)=z + T(z) T(2k + 3) q , (72)

-1 2 &
where the By's are the Bernoulli numbers. Since B; and By equal 1/6 and —1/30 respectively,
we find that Eq. 70 agrees with Eq. 72. Hence, by equating Eq. 71 to Eq. 72, we can see
the connection between combinations of the ¢} and the Bernoulli numbers, which is

2k

Bu=T(2k+1) Y. e TG +2k+1) . (73)

=1
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TABLES

TABLE 1. Coefficients for Asymptotic Expansion of S(a.b, r)

k Ck

0 1

1 0

2 zb?/2!

3 —zb3/3!

4 (z/4'+22/4-2)) b

5 —(z/5' + 2%/2-3H) b®

6 (z/6! +522/6-4! + 23/2-41) b8

7 —(z/T' 4+ 42%/3-51 4+ 23/2-40) ¥

8 (z/8!+1722/8 6!+ 723/24 - 41 + 2%/16 - 4!) b®

9 —(z/9'+ 4122/12- 7! + 13723/216 - 5! + z%/12- 41) b°
10 (/10! + 1672%/30 - 8! + 6523/48 - 6! + z4/16 - 4! + 2°/32 - 5!) b'°
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Figure 1: Tree Diagrams for ¢z, ¢3 and ¢4
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Figure 2: Construction of the tree diagram for c7 with duplicated paths. The
final result has the path ending with (0, 2} omitted.
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