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Abstract 
 
For 𝑠 ≠ 𝜈, 𝜈 ∈ Z, for Riemann‘s meromorphic Zeta function 
 

ξ∗(s) ≔
1

2
Γ (

s

2
) π−

s

2ζ(s) = ∫ ψ(x2)[xs + x1−s]
dx

x

∞

1
−

1

2

1

s(1−s)
= ξ∗(1 − s)  

 

a new representation is derived in the form 
 

ξ∗(s) +
ζ(s) sin(

π

2
(1−s))+ζ(1−s) sin(

π

2
s)

sin(πs)
= ∑ b2n

∗ (s −
1

2
)2n∞

n=0 +
1

π
∑ (−1)n [

ζ(2n)

2n−s
+

ζ(2n)

(2n−1)+s
]∞

n=0   

with 

b2n
∗ ≔ −2b2n ≔ −2 ∫ Φ(x) [∑

log2n(x)

(2n)!

∞
n=0 ]

dx

√x

∞

1
   and   Φ(x): = ∑ (e−2πnx − e−πn2x2

)∞
n=1  . 

 

Accordingly, the non-trivial zeros {𝑠𝑛 =
1

2
+ itn} of the zeta function are characterized by the identity of 

the following two convergent alternating power series representations 
 

∑ (−1)nb2ntn
2n∞

n=0 =
1

2π
∑ (−1)nζ(2n) [

4n−1

(2n−
1

2
)2+tn

2]∞
n=0  . 

 

In case there are negative values tn
2n < 0, the corresponding term on the left hand would change its 

sign, while the term on the right hand won`t change its sign. This proves the RH. 
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1. Notations and Main Theorem 
 
For the notations we refer to (EdH). The baseline function for the Zeta function theory is given by ψ(x2): =

∑ e−πn2x2∞
n=1 , (EdH) 1.7. It is related to Jacobi‘s functional equation resulting into the symmetrical form of 

Riemann’s functional equation in the form, (EdH) 1.7, 
 

ξ∗(s) ≔
1

2
Γ (

s

2
) π−

s

2ζ(s) = ∫ ψ(x2)[xs + x1−s]
dx

x

∞

1
−

1

2

1

s(1−s)
= ξ∗(1 − s) . 

 

Riemann’s related entire Zeta function is given by ξ(s) =
s

2
(s − 1)Γ (

s

2
) π−

s

2ζ(s), (EdH) 1.8.  

 
Alternatively to ψ(x2) we consider the function 
 

Φ(x): = φ(x) − ψ(𝑥2): = ∑ Φ𝑛(𝑥)∞
n=1 ≔ ∑ (e−2πnx − e−πn2x2

)∞
n=1   

with 

 φ(x) ≔ ∑ e−2πnx∞
n=1 =

1

1−e−2πx =
1

2

e−πx

sinh(πx)
 . 

 
The function Φ(x) resp. the related power series coefficients in the form 
 

b2n ≔ ∫ Φ(x) [∑
log2n(x)

(2n)!

∞
n=0 ]

dx

√x

∞

1
  

 
enable an alternative ξ∗(s) −function representation with three 𝑠 ↔ (1 − s) symmetric summands. 
 
Main Theorem: For s ≠ 𝜈, 𝜈 ∈ Z, it holds 
 

ξ∗(s) = −
1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

cos(
π

2
s)

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0 − 2 ∑ b2n(s −
1

2
)2n∞

n=0  . 

 
 
In proving the Main Theorem (MT) the essential step is the 
 
Lemma MT: For s ≠ 𝜈, 𝜈 ∈ Z, it holds 
 

−
1

2

1

s(1−s)
= −

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

cos(
π

2
s)

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0 − ∫ [xs + x1−s]φ(x)
dx

x

∞

1
. 

 
 
 
Note: 

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

cos(
π

2
s)

] =
ζ(s) sin(

π

2
(1−s))+ζ(1−s) sin(

π

2
s)

sin(πs)
  

 

Note (GrI) 3.552: The function  φ(x)  is related to the Bernoulli polynomials in the form 
 

∫ 𝑥2𝑚 𝑒−𝜋𝑥

𝑠𝑖𝑛ℎ (𝜋𝑥)

𝑑𝑥

𝑥

∞

0
=

|𝐵2𝑚|

2𝑚
 ,  ∫ x2m 𝑒−𝜋𝑥

cosh (𝜋𝑥)

dx

x

∞

0
= (1 − 21−2𝑚)

|B2m|

2m
 . 

 

Note (GrI) 3.552, 9.521: For Re(s) > 0 it holds 
 

    ∫ xsφ(x)
dx

x

∞

0
=

Γ(s)

(2π)s
ζ(s, 1) =

1

sin (πs)
[sin (

π

2
s) ∑

cos (2πn)

n1−s
+ cos (

π

2
s) ∑

sin (2πn)

n1−s
∞
n=1

∞
n=1 ]  

 

                             =
1

2
[

1

cos (
π

2
s)

∑
cos (2πn)

n1−s
+

1

sin (
π

2
s)

∑
sin (2πn)

n1−s
∞
n=1

∞
n=1 ] . 

 

Note:  Riemann‘s density function J(x) =
1

2πi
∫ logζ(s)xs ds

s

a+i∞

a−i∞
, 𝑎 > 1, is zero for 0 ≤ x < 2, (EdH) 1.11. The functions Φ𝑛(𝑥) enable a 

modified non-zero density function J∗(x) for 1 ≤ 𝑥 < 2: 
 

Φ𝑛(𝑥) ≥ 0  for 𝑛 ≥ 2, 𝑥 ≥ 1;  Φ1(𝑥) < 0 for 1 ≤ 𝑥 < 2;   Φ1(2) = 0 ;  Φ1(𝑥) > 0 for 𝑥 > 2.  

Putting Φ1,2
∗ (𝑥) ≔ −Φ1(𝑥), Φ0,1

∗ (𝑥) ≔ −Φ1 (
1

𝑥
), for 1 ≤ 𝑥 < 2, Φ1,2

∗ (𝑥) = Φ0,1
∗ (𝑥) = 0 for 𝑥 ≥ 2, 

 Φ2,∞
∗ (𝑥) ≔ Φ(x) for 𝑥 ≥ 2, Φ2,∞

∗ (𝑥) = 0 for 𝑥 < 2, the three terms of the sum Φ0,1
∗ (𝑥) + Φ1,2

∗ (𝑥) +

Φ2,∞
∗ (𝑥) > 0 have the disjunct domains 0 < 𝑥 < 1, 1 ≤ 𝑥 < 2, 2 ≤ 𝑥 < ∞.  
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Corollary: The set of non-trivial zeros {sn =
1

2
+ itn} of the zeta function are characterized by the following 

identity of two convergent series representations 
 

∑ b2n(sn −
1

2
)2n∞

n=0 =
1

2π
∑ (−1)nζ(2n) [

1

2n−zn
+

1

(2n−1)+sn
]∞

n=0   

resp. 

∑ (−1)nb2ntn
2n∞

n=0 =
1

2π
∑ (−1)nζ(2n) [

4n−1

(2n−
1

2
)2+tn

2
]∞

n=0  . 

 
In case there would exist a negative value tn

2n < 0, the affected term on the left side changes its sign, while the 
corresponding term on the right side would not. This proves the RH. 
 
 
 

2. The proofs of the MT and the Lemma MT 
 
Lemma MT: For s ≠ 𝜈, 𝜈 ∈ Z, it holds 
 

−
1

2

1

s(1−s)
= −

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

cos(
π

2
s)

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0 − ∫ [xs + x1−s]φ(x)
dx

x

∞

1
. 

 
 
Proof: From (MiM) we recall the combination of the two formulae (MiM) 4.6 and 4.8 (valid for all s ∈ C) 
 

ζ(s)

sin(
π

2
s)

=
1

s−1
−

2

π
∑ (−1)n ζ(2n)

2n−s
+ ∫ x1−s e−πx

sinh(πx)

dx

x

∞

1
∞
n=0       ,      

ζ(1−s)

sin(
π

2
(1−s))

=
1

−s
−

2

π
∑ (−1)n ζ(2n)

(2n−1)+s

∞
n=0 + ∫ xs e−πx

sinh(πx)

dx

x

∞

1
 . 

 

With  
1

s−1
+

1

−s
=

1

s(s−1)
  one gets 

 

−
1

2

1

s(s−1)
= −

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

sin(
π

2
(1−s))

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
] − ∫ [x1−s + xs]φ(x)

dx

x

∞

1
∞
n=0  . 

  
 
Main Theorem: For s ≠ 𝜈, 𝜈 ∈ Z, it holds 
 

ξ∗(s) = −
1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

cos(
π

2
s)

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0 − 2 ∑ b2n(s −
1

2
)2n∞

n=0  . 

 
 
Proof: From the lemma MT one gets 
 

         ξ∗(s) = ∫ ψ(x2)[xs + x1−s]
dx

x

∞

1
−

1

2

1

s(1−s)
  

 

       = ∫ [ψ(x2) − φ(x)][xs + x1−s]
dx

x

∞

1
−

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

sin(
π

2
(1−s))

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0   

 

           = − ∫ Φ(x)[xs + x1−s]
dx

x

∞

1
−

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

sin(
π

2
(1−s))

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0  . 

 

If the term [xs + x1−s] = 2√x [cosh (s −
1

2
) logx] is expanded in the usual power series cosh (y) = ∑

y2n

(2n)!
∞
n=0  with y: = (s −

1

2
) logx this gives 

∫ Φ(x)[xs + x1−s]
dx

x

∞

1
= 2 ∫ Φ(x) [∑

log2n(x)

(2n)!
∞
n=0 (s −

1

2
)2n]

dx

√x

∞

1
 . From this it follows 

 

ξ∗(s) = −2 ∫ Φ(x) [∑
log2n(x)

(2n)!

∞
n=0 (s −

1

2
)2n]

dx

√x

∞

1
−

1

2
[

ζ(s)

sin(
π

2
s)

+
ζ(1−s)

sin(
π

2
(1−s))

] +
1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0   

 

                    = −2 ∑ b2n(s −
1

2
)2n∞

n=0 +
ζ(s) sin(

π

2
(1−s))+ζ(1−s) sin(

π

2
s)

sin(πs)
+

1

π
∑ (−1)nζ(2n) [

1

2n−s
+

1

(2n−1)+s
]∞

n=0  . 
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3. Some relations to Kummer functions 
 
The representation provided by the Main Theorem  
 

ξ∗(s) = −
ζ(s) sin(

π

2
(1−s))+ζ(1−s) sin(

π

2
s)

sin(πs)
+

1

π
∑ (−1)n [

ζ(2n)

2n−s
+

ζ(2n)

(2n−1)+s
]∞

n=0 − 2 ∑ b2n(s −
1

2
)2n∞

n=0   

 
indicates an alternative entire Zeta function in the form 
 

ξ∗∗(s) = ξ∗(s) sin(πs) = (1 − s)
sin(πs)

𝜋𝑠
[π−

s

2
Γ(1+

s

2
)

1−𝑠
] ζ(s) . 

 
In the critical stripe the Mellin transform of the Kummer function F1 1 (

1

2
;

3

2
, −π𝑥2) is given by, (GrI) 7.612, 

 

M [ F1 1 (
1

2
;

3

2
, −π𝑥2)] (s) = π−

s

2
Γ(1+

s

2
)

1−𝑠
     ,   0 < Re(s) < 1 . 

 

Therefore, formally only, for 𝜔(𝑥) ≔ ∑ F1 1 (
1

2
;

3

2
, −π𝑛2𝑥2)∞

𝑛=1  the zeta function ζ(s) may be represented in the 

form 
 

ζ(s)

1−𝑠
Γ (1 +

s

2
) = ∫ 𝑥𝑠𝜔(𝑥)

𝑑𝑥

𝑥

∞

0
 . 

 

Note: Riemann built his famous power series representation of his entire Zeta function  ξ(s): = π−
s

2
s

2
Γ (

s

2
) (s −

1)ζ(s) by multiplication of  ξ∗(s) = ∫ ψ(x2)[xs + x1−s]
dx

x

∞

1
−

1

2

1

s(1−s)
 with s(s − 1) to govern the two poles of the term  

−
1

2

1

s(1−s)
= −

1

2

1

s(1−s)
= −

1

2
[

1

𝑠
+

1

1−𝑠
]; multiplication of this term with sin(πs) gives  1

2

sin(πs)

s(1−s)
= sin (

π

2
s) cos (

π

2
s) [

1

s
+

1

1−s
] =

cos (
π

2
s) [

sin(
π

2
s)

s
+

sin(
π

2
(1−s))

1−s
]. 

 
Note: The term (1 − s) resp. the term log(s − 1) provides the principle term of the Riemann density function 

J(x), i.e. li1(x) =
1

2πi

1

log x
∫

d

ds
[

log(s−1)

s
]

a+i∞

a−i∞
xsds  (𝑎 > 1), (EdH) 1.14. 

 

Note: the term 
sin(πs)

πs
 is an entire function of order one and order type σ = π/2 with sin (πs)

πs
= ∏ (1 −

s2

n2
)∞

n=1 =

∏ (1 −
s

n
)′ n=∞

n=−∞ es/n, (LeB) p. 32.  
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