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It is generally known that under the generalized Riemann hypothesis one could
establish the Goldbach conjecture by the circle method provided one could obtain a
certain estimate for the integral of the representation function over the minor arcs,
Here it is first shown that the generalized Riemann hypothesis in the above
statement can be weakened to the assumption that Siegel zeros do not exist. The
case when Siegel zeros do exist is then considered.

1. INTRODUCTION

Let N > N, and log'* N < P < N¥for ¢ > 0. Let x, = x,(N) = P/N.

When 0 < A g P and (h,q) =1, let M(q, h) denote the closed interval
[h/q — x4, h/q + Xx,], a so-called major arc.

It is easily shown, for any choice of P, that all the M(q, h) are disjoint and
contained in the closed interval [x,, 1 + x,].

For each N let m(N) be those points in {x,, 1 + x,] which are not in any
closed neighborhood (major arc) of radius x, about any rational number #/g,
where (h,q)=1 and g < P.

For each N let m*(N) be those points in [x,, 1 + x,] which are not in any
closed neighborhood (major arc) of radius x, about any rational number 4/g.
where (h,q)=1, (g, N)=1, and g L P.
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Let p denote a prime, and let E(a) = exp(2zia).

Let
S, N)=> E(px) and r(N)= Y L
PN P1.p2
p1+p1=N
Let
JN)= Y (log N, logN,)~".
N Ny>2
Ni+No=N
Let
1 p—1
SN = (1 + (=1)" (1____) (__)
Let
Nh u’(g)
cm= Y E(———) d rRW=Y 9w
W= 2 Elmg) e KW= L gy W)

(@ =1
In [10] we established the following two theorems:

THEOREM 1.1. Under the generalized Riemann hypothesis with P = N°, if
{ L%, N) E(=Nx) dx = o(N log =? N), then r(N) > O for all even N > N,.

THEOREM 1.2. Let P=N"'log" N. If [,/ (x,N)E(=Nx)dx=
o(N log =2 N), then r(N) > 0 for all even N > N,.

In Section 3 of this paper we establish

THEOREM 1.3. Under the assumption that Siegel zeros do not exist with

P=exp(clog”?N) if [ f2(x, N)E(—Nx)dx=0(N log=> N),  then
r(N) > O for all even N > N,.

In Section 4 of this paper we establish
THEOREM 1.4. Let P=exp(c log"* N). If [,/ (x, N) E(—Nx)dx =
o(NP~'*? log ~2N), then r(N) > O for all even N > N,.

In Section 6 of this paper we show that a particular natural approach for
eliminating the condition (g, N)=1 in Theorem 1.2 will not work.
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2. PRELIMINARY LEMMAS

LEmMMA 2.1. We have 3, , (1/p*"®) = O(log*”® n).
Proof. Fix y > 0. Then

1 1 1
A RN + ¥ =A(n) + B(n).
;i,;; p5/8 ;_l_',l p5/8 m p5/8
p<y p2y

It is trivial that A(n) = O(¥*'®) and

5/8

B(n) K Nlogp < C—m——,
)\y logy o7 y*’® log y

Let vy =log n, and the proof follows.

LEMMA 2.2. We have 3, (1/m*®) = O(exp(c log’’® n)).
Proof. Let A(n)=73_,,,(1/m*®). By the Euler product formula we have

A(n) < H (1 + i -(71)W>< 11 (1 + 100p~ %),

p/n pin

so that log A(n) <)Y, log(1+100p~"*)<CY,,p ** and the proof
follows from Lemma 2.1.

LEMMA 2.3. We have Y, . .., 1 = O(»** exp(c log"® n)).
Proof. This is immediate by Lemma 2.2.

LEMMA 2.4. We have ¢~ '(m)<m '(loglog(m+3)) if m > 1.
Proof. This is immediate by |6, Theorem 328].

LEMMA 2.5. We have

« 49
= 9°(@)

C,(N)< P~ ** exp(c log'® N).

Proof. 1t is shown in [12, p. 27] that

A v KR ke
= 7@ YT LT 5. T@

(g.N)=1

.+,
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where

1 (k) #(q) k) «  ug
z, = — X\ . , = S
250 ot ™M T LGm L W

k<P @M =1 k>P @ N =1

By Lemma 2.4 we have

Z, <P '(loglog(P + 3))* Y 1,
Kr

and by Lemma 2.3 this yields

Z, < P~¥*(log log(P + 3))® exp(c log*’® N).

But (log log(P + 3))° < exp(c, log*’® P) < exp(c, log** N), so that

Z, <« P ¥ exp(c’ log*® N).

1 1
ey — Y
? k; o) 51 (@)
k>P g.N)=1

1 k 1
<Y —=Y ——«<loglog(k+3) > —
av 9K) i ke(k) ) i k

k>P k>P k>pP

3/8
<loglog(N +3) Y —]1(' (%) <P % loglog(N+3)

P 5/8 ?
k>P kN k
kIN

so that by Lemma 2.2

2, < P~ ¥¥log log(N + 3) exp(c log*’® N) < P~*/® exp(c” log*® N).

LEMMA 2.6. We have S(N)= Y2 | (1’ (9)/9*()) C,(N).
Proof. This is [4, Lemma 12] with r= 2.

LEMMA 2.7. We have S(N)> 1.

Proof. This is established in [10, p. 18].

LEmMMA 2.8. Let P=-exp(c(log N)"?) for any ¢ > 0. Then
S(N) — R(N) = o(1)

Proof. Immediate by Lemmas 2.5 and 2.6.
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LEMMA 2.9, We have

< _ngﬂé(?’_)logxﬁ-/‘ +0 (lg?)

i< 9(n)  (6)

Proof. This is established in |7, p. 38|.

Let
s, (X)= N m*‘(logm) ' (2.1
2<mgX
is X =is,(X). (2.2)

LEMMA 2.10. There are positive numbers C,,, C,,. and C,, such that,
Jor every sufficiently large number N,

(i) For every g, h such that q <exp((log N)"'?) and (g.h)=1 we
have whenever N¥* < X <N,

|7(X, q, h)— (Is X/é(q)) < C,. X exp(—C,,(log X)l/:)q

or

(i) there is just one pair r,B such that for every q,h with
q <exp((log N)'"?) and (g, h) = 1. and every X with N** < X <N, we have

\n(X, q, h) — (Is X/8(q))| < C,, X exp(—C ,(log X)'?) (rrq)
and

X yh .
n(X,q,h)—¢—s@+%sz(X) <CLXexp(—Crllog 1)) (r|q)

where x is the real nonprincipal character modulo q induced in each case by
the same real nonprincipal primitive character modulo r. Moreover,

%<ﬁ<l—C|3r"”8 (2.3)
and
r > (log N)*. (2.4)

Proof. This is established in [12, p. 26).

641/16:33
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3. A Proor oF THEOREM 1.3

Let < P, |y|<Xg, (h.g) =1, and N> N,. Then

()= Gaeem] < (Gv) -G som
+27zx0f: f(%,v) :Eqi g(0,v)| dv,

where g(x,v) =) nc, (E(mx)/logm) if v>2 and g(x,v)=0 if v<2.
Hence

0] |

¢(q)
<|r(5v) -5 e0m)|
+27zx0[:q+ O;;@E(%—);?z([v]; )~IT;(%)]~% dv.

,y=1

Using the fact that if |a] <N and |b| <N, then |a@> —b*| < 2N |a— b, it
follows that

o) 00| <rnam

where

o )2
+ 47rx0Nj:q + o;@ E (—[q’i) in([v];q, n— 1;([:)] l dv.

(,q)=1

By a change of variable y = x — (A/q) it follows that

rha=£ (-5)[° £ (s N BN a G
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But

'E (.ﬁ;i)( fz( + )E(-Ny)dy

e (-2 gom e ]

q
<f" |7 )58 i

dy

< J F(h, g, N)dy = 2x,F(h q. N).

—x,

Let Tl(N):-f"_oxU g’(y, N) E(—Ny) dy, so that by (3.1) it follows that if
g<P. (hg)=1, and N > N,, then

]T(h )—zgq;T(N)E( A;h>’<2x0F(h.q,N). (3.2)

Let T(N)=3_,, . log"" m log ' m, with the conditions of summation
my 22, m,>2 and m, + m,=N. It is easy to see that

'E( Nh)

and combining this fact with (3.2) it follows that

0~ T (~7)

Adding (3.3) ¢(q) times for some fixed g < P it follows that

2
0¢2(CI)

EAC)) IIT(N) T,(N)| <

2
< 2xF(h g, Ny + ——. (3.3
of e N B

: ¥ (-2
AN —_ N IR
(0h<7'§q Ttk @) ¢ (@) ™ (oh<7)<j E( q )

Now summing over all g < P it follows that

N

NN T -t N A9 ooy

q<P 0<h<g q<P ¢ ( )
th,q)=1
, : 2
<N N 2 Fhg N)+ N (3.4)
h d<P 0<h<q ’ acr Xo0(q)

thaa)=1
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LEMMA 3.1. We have Nlog=* N < T(N).
Proof. This is established in [10, p. 15].

LEMMA 3.2. We have 3, , (2/x,0(q)) = o(N log " N).

Proof. This is a straightforward consequence of Lemma 2.9.

LEMMA 3.3. We have F(h, g, N) < (PN)? exp(—clog N)'"?).
Proof. We have F(h,q, N)< A, +4,+A;, where

A,=2N ‘f(—;l—, ) “a) o, N)‘ A, = dnx,N'q,

#(a)

A, =4nx NJ N n([v]'q,l)—is—[ldldv.

0 0 (01<I)<q ’ ¢(q)
We estimate A4 ,:
_ug)
e )o@ 5 W]

. Is|N]
N . —

<q+0<_,_,l<q n([N];q. 1) 5@

(g=1
<g+ Y C, Nexp(—Cp,(log N)''?)  (by Lemma 2.10)

0<ligyq

< C 3PN exp(—C,(log N)'"?),

so that
4, < C PN? exp(—C,(log N)'7?).

We estimate A;: let A, =A4]+ AY, where

N7/8 ° ls[v]
Aj=4rnx N n([v];q, 1) — dv
Ny 2, rhed =30
(,q) =1
and
A} =4mx,N oy a(lv];q, 1) — LiCl)
? O Um0 5Tkg ’ o)

(Lg)=1
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Using the trivial estimates

in((v]:q, DKy and  {is{vl/g@) < v

it is easy to see that 4} < C,,P’N"*. By Lemma 2.10 it follows easily that
A7 L C,P*N* exp(—C,,(log N)'"?). Clearly, 4, < C,,P?N, so the proof is
completed.

LemMmA 3.4. Let P=exp(cy(log N)''?). It is possible to choose a positive
¢, < | small enough such that

NN 2xF(h, g, N)=0(Nlog * N).
= 3
WGy =

Proof. This follows immediately from Lemma 3.3,

The proof of Theorem 1.3 follows from (3.4) and Lemmas 2.7, 2.8, 3.1,
3.2, and 34.

4. A PROOF OF THEOREM 1.4

Let C,,=min(l,(y/3/2)C,,, C*), where 0 < C* ¢, is to be chosen
later. Let P, = exp(3C,,(log N)"/?) and let P, =P}*. Fix N> N,.

Case 1. r>P,. Let P=P,, so that none of the ¢’s are divided by r.
Then the proof is immediate by the same argument used to establish

Theorem 1.3.

Case 2. r<P,. Let P=P,. First, consider all g such that rfg. By the
same argument used in the proof of Theorem 1.3 it follows that

NN Thg-TN) Y u(9) C,(N)

g<P 0<h<g g<p ¢2(‘7)
rig (h,q)=1 riy
<N N 2%F(hg N+ N (4.1)
g<P 0<h<y a<r Xo9(q)
rkq (h.gy=1 rig

Now consider all g such that r|g. It is assumed that | y| < x4, (4, g) = 1,
and 0 < v < N. Using the fact that Is[v]=g(0, v), it follows that for any
FO(h7 q. U.)
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TR ETR .

<V?”"2E@H

I X 44 q

204
v 5 (PR 4@
+ %vE<q) ¢()l[v]+F0(han)

Let

Foh,g,0)= Y E(_) ;c((l))

0<li<q
Ly =1

55(0).

Using the facts that

> E<£ﬁ)= by (E(ﬂ)ﬂ([v];q,l)) and ) E(”') #(q)
p<v q 0<i<g q 0<T<q q
1204 (L,p=1 (Lgr=1

it follows that for 0 < v N

] 7(50) - 52 60.0) + Rt avv)

q #(q)
<q+ OLE(q)g n([o]; ,l)—’;([—;’)]+;‘—((‘% u(v)H

,g)=1

Let F*(h, g, N) = E(Ny) Folh, g, N) — 2niy [} E(vy) Folh, g, v) dv. 1t is
easy to see by straightforward calculation that

f(% +3.N) - ¢§"§ 203 N) + F*(hy g, N)

- E(Ny)f( =, N) - ;EZ; E(VY) 50, N) + E(Ny) Fo(h, 4. N)
—27riyf:E(vy) f(—;i,v) ¢EZ; £2(0,v) + Fy(h,q,v); d

so that using the fact that if |a| <N and |{b| <N, then |a® — b*| 2N it
follows that

7 (2+5.8) =[5 o053 - P q,N)]Z <Fi(ha N,

$(9)
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where
F\(h g, N)=2N ‘f(%, ) ;2"% g0, N) + Fy(h, q,N)]
+47zx0N£) (q+ 33’)1‘{}5(%) 2():q.1)
5 sgeol])e
Let
T,(N)=T,(h, q, N) = J_Xg(v.N)E _Nv) dy,
TN) = TN = [ P01, 80 M) EC-N) .
and
TN =Tu(h g, N)=[" F*(h.q.N) EC-Ny) db.
Let

AN =Y N T3(N)E(_~_1§ﬁ)_2 v v K@ TN )E( A;h)

q<P 0<h<g q<P 0<hgq ¢()
rlg (hag)=1 rig th.q)=

By straightforward calculation it follows from the above, (4.1), and
Lemma 2.5 that

vov T(h,q>—[T(N)S(N)+A<N>1’

q<P 0<h<q
(h.qy=1
< L L 2x,F(h,q,N) + E_ ,\_ 2xoF (k. q. N)
g<P 0<h<q g<P 0<hgy
g (h.q)=1 rig (k=1

\

+ > 2 + O(cNP " exp(c log*® N).
a<r *o#(@)

It is not difficult to see using the same methods of proof used to establish
Theorem 1.3 that it is possible to choose C* small enough such that each
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term on the right-hand side of the inequality is o(NP~'/*? Jog=*N). Conse-
quently, Theorem 1.4 follows from

LEMMA 4.1. We have T(N) S(N) + A(N)> NP~ log "> N if N even.

5. A PROOF oF LEMMA 4.1

In this section the notation employed in [12] is combined with the
notation of the previous sections of this paper. Also, here we use several
lemmas from [12]. In all such lemmas x,/q can be replaced by x, as far as
our application of the lemmas is concerned.

Let

lh
o= 3 E(Z)a0,
0<i<q q
(y=1

Then

WGt~ ¥ E(2)0x= ¥ E(Z)z0m

o<igyq 0<igyg
(l,q)=1 a=1

= E(:)o

0<Igyg
(g =1

since /i and / run through the same reduced residue classes, so that

1 l [
= —— v — = v - .

Hence, by [12, Definition 8.3]
G(h, q) = x(h) 7(x)-
Hence by [12, Definition 8.4] we have
Fo(h, g, v) = Is4(v) A(q, ),
so that by [12, Eq. (5.6)] it follows that

Fo(h9 q’ U) = ga(v! 0) l(q’ h)
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LEMMA 5.1. For any real numbers x, and x,
g5(0, X, + x;) = E(vx,) 84(v, ;) — 27ix, ‘0 E(ux,) gluy. x,) du.

Proof. Confer {3, p. 63].

By letting x, =0, x, =y, and v = N in Lemma 5.1 we have

N
83(N. ) = E(Ny) gy(N, 0) — 2ty | E(wy) gy(u, 0) du

and
N
1g, k) gy(N, ¥) = E(NY) Mg, ) g5(N, 0) — 2y | * E(uy) 85(1 0) A(g. h) du.
Hence F*(h, g, N) = A(g, h) g5(N, y), so that

T, =" a1 gy(N.5) 80 N) E(-Ny) dy

and

TN =" 3, k) gYN, ) E(-Ny) .

—Xp

By a change of variable, x =y + (k/q), it follows that

(h/q) + xg

=" R g (Nox =) B (<N (3= ) ) ax

(h/q)—x, /
so that by [12, Eq. (8.5)] it follows that

(h/qy +xq ) .
T,(N)= vy (N,x,q,h)E(—N (X~——~)>dx.

(h/q) —x, \

Hence
Yoy Ts(N)E(—N—h)
q

qsP 0<h<g
rlg (h,q)=1

<« N (h/g) + x4 5
| v¥2(N, x, q. h) E(~Nx) dx.
<P O<khg<g "(B/@}—xy
rig (hg)=t
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By a change of variable, x =y + (h/q), it follows that
(h/9) +xo h h h
T,(N)= Ag, k) g, (N,x——q—)g(x——q—,N)E(~N(x~TI—)) dx,

(h/g)—x,

so that by [12, Eq. (8.5)] it follows that

(h/@) + x4 h h
T,(N)= vi(N,x,q,h) g (x—-—,N) E (-N(x——)) dx.
/@)~ x, q q
Hence by [12, Definition 5.7]
#(q) Nh
2 —=T,(ME (— ——)
q;l’ 0<>h:<q #(q) : q
rig (h,q)=1
(h/g) +xq
= Z Z 2vF(N, x, q, h) v¥(N, x, g, h) E(—Nx) dx.
q|<P (Oh<h)<‘i (h/g) —x,
rlg 'q)=

Hence
(h/q) + xq « ,
AM=3 3 [ W xeh)
q<P 0<h<q  (h/a) —xg
rlg (hq)=1
- ZVBK(N, X, q, h) V*(Na X, q, h)] E(—NX) dx.
Let

W(N, x)=v}(N, x,q, k)’ — 20} (N, x, q, L) v(N, x, ¢, h), if x € M(q, h),

=0, otherwise.

Let D(N, a) = [}**° W(N, x) E(—ax) dx, so that A(N) = D(N, N).
LEMMA 5.1.A. Suppose that n < 2N, Then

q
NN L(nga)—JyN,n) GV, n) < NP~ 'rig(r) ' £,
q<pP a=1

rle (a,q)=1

where

Z, < log Pllog log(N + 3)]® P** exp(c log*’* N).
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Proof. By [12, Eq. (9.14)] we have

q
NN L(rg.a) = Jp(N, ) GIN.m) < NPT PG £,

qg P a=1
ra (a.g)=1

where

Zi= N umymg(m) N u(k) kek)

S

min k<P/rm
(m.,ry=1 (k.orny=1
o 2 -1 N 2 -2
= Y umimp(m)y” N uk) k(k) P
min k<P/rm
(m.ry=1 (k.ran) =1
m<pP

since k < P/rm has no solution in positive integers k if m > P, so that

<Y mgm) ' N ke(k)
min k<P
mgP

The proof now follows from a straightforward application of Lemmas 2.3
and 2.4.

LEMMA 5.2. Suppose that n < 2N. Then
D(N, n) ~J4(N,n) G(N,n) < NP 'r’¢(r)~' £, + Nlog™ * Nr—'? log log* N.
Proof. As in the proof of [12, Lemma 9.8] we have

DN, n) —J(N, n) G(N, n) = A — B,

where
- g,
A=Y N Lng.a)—JyN.n)GN,n)
qgP a=1
rlg  (a,g)=1
and

q
B=2% N I(nga)

g<P a=1

rlg (a,qp=t
By Lemma 5.1A it follows that A < NP~ 'r’¢(r)~' Z,, and by [12, Lemma
9.5| we have B < N log " *Nr'%¢(r) ™' ng(n)~".

The proof now follows from a straightforward application of Lemma 2.4

and [12, Eq. (8.2)].
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LEMMA 5.3. Ifn< 2N and n is even, then

[G(N, n)| < S(n) + O(r*/*P~*"%(log log N)* exp(c(log n)*’®).

Proof. By Lemma 2.4 and the argument in (12, p. 44]

utk)” u(k/(k, n))
kgP/r (k) o(k/(k, n))

w(m)? g u(k) _
Moo o ~—=5 |+ O(P " 'rm(log log N)?
s || 5 ot | TOP rmlloglog N)?)
m<P/r (k,nr)=1
(m,r)=1

wm?® | pk)
T

min 9(m) (k)’
mgP/r (kynr)=1
{(m,r)=1

wm) _, )
+0< % S P~ 'rm(log log N) ),

m<p/r
(m,ry=1

and by the Euler product formula and Lemma 24,

2
v ulm) (1 : ) +0<rP (log log N)?  V° 1)
g 10g ’
e |Gy " &

and by the Euler product formula and Lemma 2.3

<y (p ) I1 pp - 22)+ 0 (rP '(log log NV)? (—?) 5/sexp(clog”8 ))

Pln pinr (p
pir

Hence by [12, Eq. (10.1)) it follows that

r p p(p—2)
|G, n)| < Yy ((r )),I,],,(P—I)E(P—l)z
+0 (;—(:)—;—("—(:—; rP~'(log log N)’ (?) " exp(c log*® n ))
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By a straightforward application of Lemma 2.4

r 2.
5 9oy < Logloe )

so that the O-term it established. The rest of the proof follows from the
argument given in [12, p. 45| and the easily established fact that

L G

4
n) phr
1

(r,
(e 2
pin

plnar P 1 -pinr (p_ 1)2

LEMMA 5.4. Suppose that n < 2N and n is even. Then
ID(N, n)] <J4(N,n) S(n) + A, + A, + 4,
where

A,= Cl‘NrJ/SP’W(log log N)® exp(c log*"* N).
A;=C,NP 'r(loglog N) Z,.
A,=C,Nlog 2 Nr '?loglog® N.

Proof. By Lemma 5.2
D(N, n) =Jy(N, n) G(N,n) + O(NP~'ri¢*(r) ' Z,

+ Nlog™2Nr~'? log fog® N).

Therefore by Lemma 5.3 and using the fact [12. Lemma 5.5] that
|J5(N, n)] < N, it follows that

[D(N, n)| < J4(N, n) S(n) + C,Nr'’* P~ *(log log N)* exp(c log*"* N)
+ C,NP 'r*¢(r)~' £, + C,Nlog > Nr '?loglog® N.
The proof now follows by application of Lemma 2.4

LEMMA 5.5. Suppose that m < 2N and m is even. Then

|J(N, m) S(m) + DN, m)| > C,srAI(N.m) S(m) — A, — 4, — 4,.
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Progf. It is immediate by Lemma 5.4 that
[J(N, m) S(m) + D(N, m)| 2= J(N, m) S(m) — J;(N, m) S(m)— A, — A, — A,.
The proof is completed by application of [12, Lemma 10.3].

LEMMA 5.6. For AN < m < N and m even
|J(N, m) S(m) + D(N, m)| > NP~**(log N) 2.

Proof. Let A,=C,;r""8J(N,m)S(m). By straightforward calculation
it can be shown that A,<A4,/2, A4,»>mP V?log"’N, A4,=
o(NP~"**10g ?N), and 4, = o(NP~**?log % N), so that the proof follows
immediately from Lemma 5.5.

6. AN IMPORTANT COUNTEREXAMPLE

The computer results in [9] indicate that the (g, N) =1 condition in the
definition of m*(N) in Theorem 1.2 might not be a reasonable one. In [10]
we indicate that a very natural way to eliminate this condition would require
that one show that either S(NV) — R(N)=o0(1) or S(N) — R(N)=o(S(N)).

In this section we show that neither of these conditions is true if
g <log™ N for any integer m > 0. This result follows from the following
calculations and lemmas:

Let E(N)= S(N) — R(N). Then

NI M C) “(q)
E \ Y‘ N
(N) a= l (g, N) a ¢2( ) C( ) a|N {q, N) a ¢ ( ) q( )
logmN<q logmN<gq

_y v K9 u/a)é@)
N @w-a 970)  $(g/a)

logmN<q

by [6, Theorem 272]. Hence

- #'(@) wg/a)
EN= o e, 0@ $@a)

logmN<1

Now write ¢ = aa’, so that

g Klaa)ua)
4TV (a1 #laa’) p(a’)

logmN<aa’

E(N) =
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But

< #aa)u(a’)
w71 9(aa’) 9(a’)

logmN<aa'
S u’(aa’) u(a’) RN u(aa’)u(a’)
@ Nm-r #aa)e@) o N #aa’)éla’)
logmN<aa’ logmAN <aa’
(a,a’)=1 (a.a’) =1

But if (a,a’) > 1, then aa’ is not square-free, so that u(aa’) = 0. Hence

v Had)u@) v W@e@)

E(N)= =\ o
;I-;V (a’,m)zl ¢(aa’)¢(a,) m' (a’.I‘V-'/—(-J)*-l ¢(G)¢ (a/)

logmN <aa’ logmN < aa’

(a.ay=1 (a.a’) =1

v v B@rE)
T wwo 9@

logmN <aa’

Now assume N is square-free:

S - ua)
EN=N — 28
v 9@ w1 6'(a)

logmN<aa’

\° 1 \" ,Uz(a’)
t;T;V ¢(a) (a’F)’:l ¢(a/)

aglogmN logmN<aa’'
. 1 - ula’)
v 9@ oo $7a)
a>logmN logmN <aa’
BN)= Vv L ﬁz(f_)
av 9@) oim- #5(a’)
a>logmN t<a’
:[ v MJ[ N _I_J
wm-1 8@ i~ 9(a)
Iga’ a>logmN

= B'(N) - B"(N).

Lemma 6.1. We have B'(N)> 1.
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Proof. We have

’ - S’ f‘(a,): ___1___
P L@ 1{-5=)

ST N

P

V

LeEmMA 6.2. For each n let Q(n)=p, p, - p,. For each V such that
Co < V< log ™+3Q(n) the number of squarefree integers which are less
than or equal to V and which divide Q(n) is at least cV.

Proof. This follows from a suitable modification of the proof of [I,
Lemma on p. 8].

LeEMMA 6.3. For each n let Q(n)=p,-p,---p,. There exists a D > |
such that for each W such that C, < W < log *"Q(n)

1
Yoo —»1L
alQ(n) a
a>w

agsbw
a square-free

Progf. We have

. 1 1
So—>— V1
A P
alQn) a bw alQn)
a>Ww a>w
asDw abw
a square-free asquare-free
s Loy a2 v ]
alQ(n) al@n)
asbw agw

a square-free a square-free

The proof now follows immediately from Lemma 6.2.
LEMMA 6.4. We have B"(Q(n)) > log log Q(n).

Proof. We can break B"(Q(n)) into >log log @(n) sums of the form in
Lemma 6.3.

LEMMA 6.5. We have S(Q(n)) < log log Q(n).
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Proof. By straightforward calculation it follows that

sm) < [1 (1 -—;—) N

P<Pn
p>3

so that the proof follows by an application of [6. Theorem 429|.
LEMMA 6.6. We have
1 1
N o< —.
N o(N )2 y
Proof. This is immediate by Lemma 6.10.

LEMMA 6.7 We have A(N) < 1.

Proof. This foliows from Lemma 6.9 and Lemma 6.11:

] 1 | l
ANIK Y = Y 5
S 8@ wwmo 9@
aglogmN logmN/a<a’
oo b

=
a<lb(.).§mN ¢(a) Iogm?\l_/’a<a’ ¢(d’)2

1 - a

1
el —_— (—m—) log™ N)=1.
log™ N, oamn #(a) log™ N ( )
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