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ABSTRACT. Consider the divergence problem with homogeneous Dirichlet data on a Lipschitz
domain. Two approaches for its solutions in the scale of Sobolev spaces are presented. The
first one is based on Calderén-Zygmund theory, whereas the second one relies on the Stokes
equation with inhomogeneous data.

1. INTRODUCTION

The solution of many problems in hydrodynamics requires a thorough understanding of the struc-
ture of the solutions of the equation divu = g for a given scalar valued function g. Hence, given a
domain Q C R”, quite a few authors (see e.g. [Cat61], [Lad69], [Nec67], [SS73], [Bog79], [Bog80),
[Pil83], [Sol83], [vW90], [BS90], [FS94], [Gal94], [Soh01]) dealt with the problem

divu=gin Q
(1.1) { ujpo = 0 on Of.

There are several approaches to prove the existence of a solution to problem (1.1), see [Bog79],
[Gal94], [vW90] and [Pil83]. Observe also that the solution to this problem is not unique.

Bogovskil proved the existence and a-priori estimates for a solution to (1.1) in the scale of
Sobolev spaces of positive order provided Q@ C R™ is a Lipschitz domain, n > 2 and g € L?(Q)
satisfies fQ g = 0. Here 1 < p < oo. His approach is based on an explicit representation formula
for u on star shaped domains. This representation of v as a singular integral allows to apply
Calderén-Zygmund theory and estimates for u in Sobolev spaces of positive order follow thus by
this theory.

In this paper we prove that Bogovskii’s solution operator B can be extended continuously to
an operator acting from WP (Q) to WP (Q)" provided s > —2 4 1/p. Our approach is based
on properties of the adjoint kernel of K, K associated to B, see also [BS90], [MMO05]. Results of
this type are quite useful in the study of the Navier-Stokes flow past rotating obstacles, see e.g
[GHHO4]. Note that the case s = —1 was already considered by Borchers and Sohr in [BS90]; see
however [FS94] and the footnote on page 180 of Galdi’s book [Gal94].
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A completely different approach to equation (1.1) is based on estimates for the solution of the
inhomogeneous Stokes system

—Au+Vp = f in
(1.2) divu = g in Q
u = 0 on 0f),

see Section 3. Setting f = 0 and Bg := u, where (u, p) is the solution to problem (1.2), one obtains
by this approach in particular estimates for the solution to problem (1.1) provided g € ﬁ/\l’p(Q)
org e Wﬁl*p(Q). In Section 3 we extend this approach to g € W”’(Q) for all s € [-1,1]. For
related problems as e.g. groundwater flow we refer to [CL93].

2. APPROACH BY AN EXPLICIT REPRESENTATION FORMULA

Let @ C R" be a domain and let 1 < p < co. For s > 0 we denote by (W*P(Q2), || - [[ws»(q)) the

Varyreve B NEFI0)

usual Sobolev spaces, see e.g. [Tri95]. Furthermore, let W5*(Q2) := C(Q)
we set

. For s <0

WP(Q) == (Wy * () and W5P(Q) == (W=7 (Q)),

where % + % = 1. Note that C2°(2) is dense in W*(Q2) for all s € R.
Our first proposition relies on the fact that for bounded and star shaped domains with respect

to a ball K a solution to problem (1.1) can be written as a singular integral. More precisely,
choose w € CF(K) with [, w =1 and define for g € C2°(Q)

oo

ey Ba@ = eI [e eI e =yl 0 drdy,
Q

where x = (z1,...,2,) and i = 1,...,n.
Then the following holds.

Proposition 2.1. Let 1 < p < 00 and Q2 C R™ be a bounded and star shaped domain with respect
to some ball. Let g € LP(Q). Then B := (B1,..., By) satisfies

BCX(Q) c Czr(Q)"
and
V~Bg:g—w/gf0rg€Lp(Q).
Q
Moreover, for s > —2 + 1—17, B can be continuously extended to a bounded operator from WP (Q)
to WP (Q)m.

Proof. The case s > 0 was already treated by Bogovskii in [Bog79]. There it is proved that
B;C(Q) C C*(Q2)™. Moreover, by Calderén-Zygmund theory for the singular integral (2.1) one
obtains the assertion for s > 0. For a detailed proof see [Gal94, Lemma II1.3.1].
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In the following we prove the assertion for s < 0 by duality. In fact, the kernel of the adjoint
B of the operator B; is given by

" Ti — Yi r—y n—
Ki(z,z—y) = —m/w(y—rm)ﬂx—M‘*"”) Ldr
0

= —(zi—w) [ w@—r(—y)r"tdr

= —(@wi—w) [w@—r@@—y)r" " dr+ @ —y) [ w@z—r@@—y)r"tdr

_ Ty —Yi
|z —y|"

w(x — T—I —Y )T”fl dr + (z; — yi)

lz -yl

= Ki*,sing(xvx - y) + Ki*,bdd(za T — y)

w(x —r(z—y)r"tdr

Ot —g 3 "—g3
S o _

Since
102, K[ paa(w, x —y)| < C, ,j=1,...,n,x € Q,y € R",

it follows that the operator associated to the kernel K\ ;4 continuously maps L?(§2) into W' (Q2).
We thus consider in the following the contribution of K7 .. Similarly as in the proof of [Gal94,

Lemma I11.3.1], the kernel 0, K/, can be decomposed in a weakly singular kernel K7, ., and
a Calderén-Zygmund kernel K7 . 7. More precisely, 0y, K7 ;. can be rewritten as
awj Ki*,sing = K;sing,w + Kifsing,CZ’
with
oo
* - Ty — yl T — y n—1
Ki,sing,w('rv T — y) - _W /(8m]w)(56 -r |$ _ y| )T dTa
0
6 oo
—0ij T—Y\ n-1
- x, T — = 7”/wx—r r"~1dr
z,smg,CZ( y) |I — y|n ( |I _ y|)
0
o0
Ty — yz xr — y
W /(3%(.«))(17 - T|x — y|)7"n dr.
0
Note that K, oz satisfies the following properties
(a) K] gngoz(®,2) ="K}, cz(z,02), 2 €Q, 2 €R", a >0,

(b) f\z\:l Ki*,sing,CZ(xa Z) dz=0,7 € Q,

(c) |Ki*,sing,CZ(‘r7Z)| <C,ze |z|=1

It follows from classical Calderén-Zygmund theory [CZ56], [Ste93] that
B; € L(LP(Q), WHP(9)).
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Moreover,
By € L(WGP(Q), WP(Q)), §>0

by [Gal94, Remark II1.3.1] and real interpolation. Since W'*(Q2) = W*P(Q) for —1 —|—% <s< %,
we obtain

1
B e L(WEP(Q), WP )m), -2 4 ;<5< ~1.

The remaining cases finally follow by real interpolation. 0

Remark 2.2. (a) It should be emphasized that in the above proposition, the operator B is
defined for all g € LP(Q) whereas Bogovskii [BogT79], von Wahl [vW90] and Galdi [Gal94]
constructed solutions to the problem (1.1). The latter is only possible if fQ g=0. Hence,
B may be regarded as extension of the solution operator to problem (1.1). However, if
Jo g # 0, then By is not a solution to (1.1).

(b) The idea of using the adjoint kernel to prove estimates for B in Sobolev spaces of negative
order is quite natural and was already used in [BS90] for the case s = —1. More recently,
this approach was also reconsidered by [MMO5].

(c) There is a considerable difference between B; and its adjoint Bf. As B;C>(Q}) C C°(Q),
this does mot hold true for its adjoint.

(d) The above proof shows that B € LI(WP(Q), WstLP(Q)™) for s < —1.

Bounded and locally Lipschitz domains have the remarkable property that they can be written
as a finite union of star shaped domains. This gives us the possibility to carry over mapping
properties of the operator B, originally defined on star shaped domains, to locally Lipschitz
domains. For convenience and to fix notation we first state a result concerning the decomposition
of Lipschitz domains into star shaped domains. For a proof of this result we refer to [Gal94,
Lemma II1.3.4].

Lemma 2.3. Let Q C R™ be a bounded and locally Lipschitz domain. Then there exist m € N
and an open cover G = {G; :i € {1,...,m}} of Q such that for 1 <i < m the set Q; = QNG; is
star shaped with respect to some ball and Q@ = J;~, Q;.

Moreover, there exist ¢; € C(G;), m; € N, 0, € C(Q;) and i, € CX(Q) (i €
{1,....m} ke{l,...,m;}) such that

Pig = ¢ig+ Z@',k/%,kg, g€ ()
k=1 9
satisfies P;g € C°(Q;) and fQ P;g = 0. In addition, if ng = 0 we get a decomposition of g by
9= Pg.
In order to define a solution operator to (1.1) for bounded, locally Lipschitz domains we
reconsider the operators P;.

Lemma 2.4. Let1 < p < 00,5 € R and let Q; and P; be defined as in Lemma 2.8 fori =1,...,m.
Then

P e ‘C(W()S’p(ﬂ)awosyp(gl))a seER, 1 <p<oo.
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Proof. Let i € {1,...,m}. Consider first the case where s > 0. Then there exists C' > 0 such
that

1Pigllwyrn < Clglwgrey, g€ Wo(Q).

In order to prove the remaining cases, let s > 0, g € C°(€) and v € WP (Q;), %—F 1% = 1. Then
(Rg)l = | [o@g@ui) + Zel . / bir)aly) dy dal
Q;
= | [ s@st@@) do+ 3 [vintla) / Or(w)o(a) dr dy
o, k=19 a
< Mol 90l o)+ Dol 3 I [ bua@nia) asleia,
-1 a
< C||9||W0*3vP(Q)HU”W&W(QI»)
where C' is some constant independent of g and v. O

The following theorem is the main result of this paper. Besides its interest in its own, there
are many applications of the use of Bogovskii’s operator in Sobolev spaces of negative order; see
e.g. the recent paper [GHHO04].

Theorem 2.5. Let Q2 C R™ be a bounded domain with a locally Lipschitz boundary. Then there
exists B : C°(Q) — C2(Q)™ such that

V-Bg=g, gelL’() with/gzO.
Q

Moreover, B can be extended continuously to a bounded operator from WP (Q) to WETHP(Q)»
provided s > —2 + %.

Proof. Let g € C° (). Consider the decomposition of Q2 and the associated operators P; defined
as in Lemma 2.3. Then

(2.2) ZPig = g provided /g(x) dz =0.
=1 Q
Denote the operator defined in Proposition 2.1 acting on ; by B; and set Bg := > .| B;P;g.

Then by Proposition 2.1 and Lemma 2.4, B € L(WZP(Q), WSt (Q)") for all s > 0 since
BP.C®(Q) C C2 ()"
Again, by Proposition 2.1 and Lemma 2.4

3 BPgtente dz|—\Z/BPg 2) da|
Q =1

119

[(Bg,v)]

O 1Pl 0w ey

=1

Cllglly oy lollerr @y 9 € CZ(R), v e W™ (@),

IN

IN
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Finally, by (2.2) we obtain

V-BgzZV-BiPig:ZPig:g, g € LP(Q), /g(m)dx:().

i=1 =1 Q

3. APPROACH BY THE INHOMOGENEOUS STOKES EQUATION

We start this section by considering the problem
—Au+Vp = f in Q
(3.1) divu = g in Q
u = 0 on 0f)

where Q C R" for n > 2 is a bounded domain with boundary 9Q € C2. Let 1 < p,p’ < oo such
that 1=+ + 7.

We then set L{j(Q2) := {f € LP(Q) : [, f = 0} and for s € [0,1] let WeP(Q) = WeP(Q)NLE(Q)
equipped with the norm in W#?(2). Furthermore, we define W‘S’p(ﬂ) = (Ws’p/ (Q))" equipped
with the usual dual norm.

Note that for g € W1P(Q) we have

(g, v)]
Hg”ﬁ/\—l,p(g) = sup T

< Hg”W*l’P Q)"
vEW L (2)\{0} [l o) o

The following proposition is due to Farwig and Sohr [FS94].

Proposition 3.1. Let Q C R" be a bounded domain with C?-boundary. Let 1 < p < oo. Then
there ezists a bounded operator R : ﬁ/\l’p(ﬂ) — W2P(Q)" N WP ()™ such that divRg = g.
Moreover, R satisfies the following estimates:

(a) ||R9||LP(Q) < CHQHWA,;:(Q) < CHQHW(;LP(Q):

(b) |Rgllw=2r) < Cllgllwir)-
Here C' > 0 is a constant depending on Q and p only.

Setting f = 0 and Rg := u, where (u, p) is the solution of (3.1) the assertion above is a direct
consequence of the unique solvability of the problem (3.1) with f € (LP(Q2))™ and g € Wl’p(ﬂ).

Similarly, we obtain the fact that R € L(L5(S2), (WhP(Q))™) from the unique solvability of
the problem (3.1) for f € W=5P(Q)" and g € LF(Q2). In fact, since (u,p) is the unique solution
of (3.1), the operator R given in Proposition 3.1 may be thus extended from ﬁ/\l’p(Q) to LB ().
Unique solvability of (3.1) in the given setting was first proved by Cattabriga [Cat61] for the case
n = 3 and by Galdi and Simader [GS90] for general n > 2. See also [KS91] for a different proof.
We summarize these facts in the next proposition.

Proposition 3.2. Let 1 < p < oo and let  C R™ be a bounded domain with C?-boundary. Then
for every f € W=L2(Q)" and g € LE() there exists a unique solution (u,p) € Wy P (Q)" x LH(Q)
of (3.1) satisfying the inequality

IVullze) + Iplle@) < CUflw-100)n + l9ll2e0))
for some constant C = C(Q,n,p).
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Noting that (Lg/(Q))' = L§(9), the following lemma implies that L5(Q) is dense in W-lr(Q).
The proof is standard and therefore omitted.

Lemma 3.3. Let X,Y be Banach spaces. Assume that X is densely embedded in'Y and that X
1s reflexive. Then the closure of Y’ is X'.

Combining the above results, we may define a solution operator for the divergence problem
(1.1) in the following spaces

WP(Q) — W2P(Q)" N Wy (Q)"
R: LA(Q) — WirQ)"
W-br(Q) — LP(Q)

The following result gives additional mapping properties of R in the scale of Sobolev spaces.

Theorem 3.4. Let 1 < p < oo and let Q@ C R™ be a bounded domain with C?-boundary. Let
s € [~1,1]. Then there exists a bounded linear operator R : WP(Q) — Wt (Q)" such that
div Rg = g for all g € W=P(Q).

Proof. The cases s =1 and s = —1 follow from Proposition 3.1. Consider next the case where
0 < s < 1. Denote by K the set of all constant functions over 2. Then we may identify the spaces
LB(Q) with LP(Q)/K and W'P(Q) with W'P(Q)/K, respectively. As K is a one-dimensional
vector space, it follows from [Tri95, Section 1.17.2, Remark 1] that

(LB(Q), WHP(Q)),, = (LP(Q)/K, WHP(Q)/K)s, = (LP(Q), WHP(Q))s /K = WHP(9).

This implies the assertion provided 0 < s < 1.
In order to prove the remaining case where —1 < s < 0, note that (L% (Q), W' (2))

(LE(2), ﬁ/\_l’p(ﬂ))sﬁp; see e.g. [Tri95, Section 1.11.2]. Hence,

/ —
, =

5P

W=P(Q) = (L5 (Q), W ()., = (L5(Q), WH7(Q))s,
and the proof is complete. O

Remark 3.5. The assertions of Theorems 2.5 and 3.4 remain valid also for the complex inter-
polation spaces. In fact, the above mapping properties of B and R in the scale of Sobolev spaces
hold true also in the scale of the spaces H*P(Q2) and H*P(QY), respectively.
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